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Chapter 1

Describing fluids and fluid flows

1.1 Introduction

We are all familiar with fluids: water, coffee, air, treacle, and so on. And we
have all been fascinated at some time by fluid behaviour: pouring, splashing,
swimming, and so on. At some level we have all built up an intuitive under-
standing of how fluids behave. However, there are still fluid phenomena which
are vital to modern life but which most people do not understand; the best
example is aircraft flight.

Understanding fluid dynamics has been one of the major advances of physics,
applied mathematics and engineering over the last hundred years. Start-
ing with the explanations of aerofoil theory (i.e., why aircraft wings work),
the study of fluids continues today with looking at how internal and surface
waves, shock waves, turbulent fluid flow and the occurrence of chaos can
be described mathematically. At the same time, it is important to realise how
much of engineering depends on a proper understanding of fluids: from flow of
water through pipes, to studying effluent discharge into the sea; from motions
of the atmosphere, to the flow of lubricants in a car engine. Fluid dynamics
is also the key to our understanding of some of the most important phenomena
in our physical world: ocean currents and weather systems, convection cur-
rents such as the motions of molten rock inside the Earth and the motions in
the outer layers of the Sun (cf. the lectures on MAS211 Introduction to Stellar
Structure), the explosions of supernovae, the swirling of gases in galaxies, and,
when combined with Einstein’s relativistic theory of gravitation, modelling the
evolution of the observable part of the Universe (cf. the lectures on MAS313
Cosmology).

Like many fascinating subjects, understanding is not always easy. In particular,
for fluid dynamics there are many terms and mathematical methods which will
probably be unfamiliar. Although the basic concepts of velocity, mass, linear
momentum, forces, etc., are the building blocks, the slippery nature of fluids
means that applying those basic concepts sometimes takes some work. Fluids
can fascinate us exactly because they sometimes do unexpected things, which
means we have to work harder at their mathematical explanation.

In this first chapter we will introduce most of the terms which are used when
describing fluids and fluid flows. These terms will be used throughout the
course, and we need to explain them before we start any mathematical de-
scription of fluid dynamics. We will only discuss non-relativistic fluid flows,
where fluid and propagation speeds are much less than the speed of light.

1
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Wood, water, air

A block of wood, a bottle of water, a container of air: all these have some sim-
ilarities. They are definite amounts of substance with definite boundaries. But
they are also very different, since the materials have very different properties:
water and air can be poured, but wood cannot; air needs a container which
completely contains it, whereas water will find its own shape.

From the point of view of a mathematical description they are all examples of
what is called a continuous medium: a substance whose structure is continu-
ous, rather than discrete.

Now let us examine some similarities and differences:

An obstacle can be inserted into water and air and moved around with-
out irreversibly dividing the continuous medium — water and air are
examples of fluids.

Water and air both need containers (i.e., boundaries of some sort) but
water can also have a surface with no fixed external boundary (a free
boundary). Wood has its own boundaries and has no need for imposed
boundaries. Water is thus an example of a liquid (i.e., can have a free
surface), but air is an example of a gas.

Both air and water can be made to flow: they can be pushed and their
shape deforms as they are in motion. Fluid dynamics is the study of
such flows — what is possible and what is not.

Air and water respond differently to applied external forces. Squeezing
air can fairly easily change its volume (think of squeezing a bottle of air),
but this is not true of water. This is a property related to the compress-
ibility of the fluid. Gases are generally more compressible than liquids.
When we compress some fluid we decrease the volume it occupies, but
its mass remains constant so that its density (mass per unit volume) in-
creases. Thus a compressible fluid changes density as it gets squashed
and squeezed. But if a fluid (for example, such as water) does not change
its density when it is squashed, then it is called incompressible.

Now consider water and treacle: Both are liquids but there are clearly
some major differences between them, and the one that is most notice-
able is that of viscosity. We say that treacle is an example of a viscous
fluid (with a high viscosity), whereas water has a low (but non-zero) vis-
cosity. When we put a knife into a fluid and move it in the plane of the
blade so that we are trying to slip the knife through the fluid rather than
pushing the fluid around, then it is clear that it is more difficult to move
the knife in treacle than in water. In other words, treacle offers more
resistance to this shearing motion (i.e., motion in the plane of the knife)
than water. Indeed this is the fundamental definition of viscosity.
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1.3 Forces: motion and equilibrium

1.3.1 MKS-system of physical dimensions

Throughout this course the physical dimensions of any physical quantity will
be expressed exclusively in terms of the MKS-system.* Here the basic physi-
cal dimensions are

[length] , [mass], [time], [temperature] ,

with Sl units 1 m, 1 kg, 1s, and 1 K. The last of these units is named after the
Irish mathematician and physicist William Thomson Kelvin (1824-1907).

To give some of the most prominent examples, the physical dimensions of
velocity, acceleration, linear momentum, force, energy and entropy corre-
spond to

[velocity] = [length] [time]™!

[acceleration

[length] [time] ™2

]
]
[lin.momentum] = [mass] [length] [time]™*
[force] = [mass] [length] [time]™2
[energy] = [mass] [length]? [time] >
[entropy] = [mass] [length]? [time]™? [temperature]™" .

The physical dimension of any other quantity that arises in this course can be
constructed in a similar fashion.

1.3.2 Newton’s equations of motion

For an object such as a “particle” of some sort, of mass m, we know that we
can describe changes in its motion by the mechanical laws of motion that the
English physicist and mathematician lsaac Newton (1642-1727) introduced
in 1687 (cf. the lectures on MAS107 Newtonian Dynamics and Gravitation).
For example, if there is a force F acting on a particle with velocity v, then
Newton’s equations of motion

((ii_zt) :F(p,r) % :’U(p,’l") (11)
describe the rate of change in time of the particle’s linear momentum p and
its position r, respectively. When m is constant, so that p is simply related to
v by p=mwv and F = F(r) only, the first can be re-written as

ma=F, (1.2)

where @ = dv/dt = d%r/d#? is the particle’s acceleration. From knowledge
of F we can solve the particle’s equations of motion, and, with its initial
position and initial velocity given, we can find out where the particle goes and

1This name derives from the units “metre”, “kilogram” and “second”.
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in what time. We also know that if there is a balance of forces on the object,
then it will not change its velocity; in particular, if its velocity is initially zero,
then it will remain at rest. Thus, Newton’s equations of motion allow us to
describe both motion and equilibrium.

The study of fluids is not so simple, because a fluid is extended over space,
and when a fluid moves, e.g., because of motion of its boundaries, then forces
are communicated to the interior of the fluid by the fluid itself. However, un-
derlying all of fluid dynamics are the empirically verified physical principles
of conservation of mass, conservation of energy and conservation of linear
momentum, combined with the laws of thermodynamics.? We will see in
this course how they are applied in order to derive the equations which govern
fluid motion.

When we consider forces on a continuous medium, then we have to consider
forces which act to move or rotate the body, and in addition we have to consider
forces which change the volume and shape of the material. Elastic solids are
another example of a continuous media; e.g., a block of foam plastic. We
can study the elastic properties of such a material, i.e., how the shape changes
when various kinds of forces are applied. There are different kinds of such
forces: squeezing (compression) and shearing. Compression acts to change
the volume of the material. Shearing acts to change the shape of the material
(e.g., from a cube to a parallelepiped).

Solids change their shape and deform until a balance is reached between the
applied force and internal forces (or the material breaks — end of continuous
medium!). Fluids, on the other hand, will deform continuously (and keep
changing shape) under the action of a shearing force. This is the fundamental
definition of a fluid.

Sometimes the boundary between solid and liquid can be fuzzy (e.g., glass,
jelly, powders), with apparent solids behaving like liquids over very long times,
and collections of grains of solids having some behaviour which is reminiscent
of a fluid.

2Unfortunately, many textbooks try to simplify this issue by stating that the laws of fluid
dynamics are nothing but an application of Newton’s laws of motion. However, conceptually
such a statement blurs the issue rather than helps clarifying it.
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1.3.3 Viscosity

A fluid differs from a solid in that a fluid never comes into equilibrium with
a shearing force. The best way to imagine a shearing force is a thin, planar
piece of material (e.g., a knife) moving through a fluid in the same plane (i.e.,
a “cutting” motion). Unlike a solid, if a given force is applied to the plate it
will keep on moving through the fluid, although different fluids will oppose
its motion by different amounts. In treacle the motion will be slower than in
water, for the same applied force. This resistance of the fluid to shearing forces
is called viscosity.

Imagine some geometrical surface within a fluid (not to be confused with the
free surface of a liquid). In a viscous fluid there can be a stress (i.e., force
per unit area) which is tangential to the surface. Consider treacle again: A
knife moving through treacle causes motion in the same direction as the knife,
even far from the knife, and not because it is being pushed out of the way by
the knife. Since the knife is moving in its own plane, the motion can only be
communicated by stresses tangential to the knife. For so-called Newtonian
viscous fluids the shear stress is proportional to the velocity gradient, and the
constant of proportionality is called the coefficient of (shear) viscosity.

‘Velocity vectors

Note that the faster moving layer exerts a stress on the slower moving layer
in the direction of motion. And, the slower moving layer exerts an equal and
opposite stress on the faster layer. So the fast material tries to speed up the
adjacent slower material, and the slow material tries to slow down the adjacent
faster material. If all the fluid is moving at the same velocity, then there is no
velocity shear, and no viscous stresses within the fluid.

If a fluid has a velocity gradient, then we say that the flow has shear, or that it
is sheared; in other words, there is relative motion of fluid elements within the
fluid.

For many applications viscosity can often be ignored, i.e., assumed to be zero,
and in this case the fluid is described as inviscid. Often in fluid dynamics
one makes the assumption of inviscid flow. But crucial differences in fluid
flow appear when a real fluid with viscosity is studied (as compared with the
case of an “ideal fluid” with identically zero viscosity). In particular we shall
see that the type of boundary conditions that must be applied will differ for
inviscid fluids and for viscous fluids (even when the viscosity tends to zero).

Some liquids do not have a Newtonian viscosity, but rather one where the shear
stress is related to the fluid velocity gradient in a non-linear fashion (e.g., non-



6 MAS209: Fluid Dynamics 1997 — 2002

drip paint, blood, printing inks). They exhibit many interesting aspects, but
they are out of the scope of this course.

1.4 Describing a fluid

1.4.1 Material properties

Water and treacle can both be poured from a spoon, but they obviously have
some properties that make them different. These are properties of the fluid,
rather than the particular fluid flow at any instant, so that we may think of
them as constant parameters describing the fluid.

e Chemical composition: What type of fluid is it? Usually this has an
obvious answer (water or treacle), but can sometimes be complicated if
the fluid is undergoing a chemical reaction (e.g., combustion is a fluid
dynamic phenomenon).

e Viscosity: Treacle is more viscous than water. A lot of fluid dynamics
is concerned with inviscid flow, but the role of viscosity is crucial to
understanding some of the most important fluid phenomena, such as lift
produced by a wing.

e Equation of state: This is a functional relation between the pressure
and density (and often temperature) which is characteristic of the type
of fluid, and which expresses the elastic properties of the fluid, i.e., how
easily it can be squashed. It thus describes how the density of the fluid
changes in response to changes in pressure and temperature. This intro-
duces the concept of compressibility: sponge is more easily compressed
than steel.

We shall see that important distinctions can be made between inviscid, vis-
cous, and very viscous flows.

A further important distinction arises from whether a fluid is compressible or
incompressible. A uniform, incompressible fluid has the simple equation of
state p = constant, i.e., constant density so that the density remains the same
irrespective of how much the pressure is increased. For example, for most
purposes water can be regarded as incompressible.

1.4.2 Fluid variables

In order to describe fluid flows, we need to be able to deal with characteris-
tic fluid properties which are different at different spatial positions and times.
Mathematically we model this situation with variables that describe the phys-
ical state of a fluid usually as functions of time and spatial position. As such
the mathematical model built in fluid dynamics is based on the continuum
hypothesis: we assume that in a fluid domain D C R? of Euclidian space
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we can assign fluid variables to any spatial position  at any time ¢ that vary
continuously and may be taken as constant across sufficiently small volumes.
The continuum hypothesis implies that fluid variables are differentiable, and
so fluid dynamics can be formulated as a classical field theory.

The fluid variables represent either scalar-valued or vector-valued fields (in
general: tensor-valued fields).

e Mass density: The scalar-valued function

p=p(tr)

describes the mass density in a given fluid at any time ¢ at any position
7. It can be defined as

~ lm 2™
P= AVS0 AV
where Am is the mass of a small volume AV of the fluid.® In the
MKS-system mass density has physical dimension [mass][length]=3,
i.e., unit mass per unit volume. Its SI unit is thus 1 kg m—3.

e Flow velocity: The vector-valued function
u = u(t,r)

describes the flow velocity of a given fluid at any time ¢ at any position 7.
The main task of every fluid dynamics problem is to determine w(¢,r)
from the fluid equations of motion for known acting forces. In Cartesian
coordinates « might be written componentwise as u = (ug, uy, u;)7,
or in some textbooks u = (u,v,w)”. In the MKS-system flow velocity
has physical dimension [length ] [time ]~ i.e., unit length per unit time.
Its SI unit is thus 1 m s~1.

e Pressure: The force exerted by an inviscid fluid is always locally at
right angles, i.e., normal, to any surface. The pressure at a point is
thus the same in all directions, or isotropic. For a geometrical surface
element n d A within the fluid with unit normal vector = that force is
pndA, where

b= p(t, r)

is a scalar-valued function denoting the pressure in a given fluid at any
time ¢ at any position », which is independent of n. This is the force
exerted on the fluid into which n is pointing by the fluid on the other side
of dA. In the MKS-system pressure has physical dimension [mass] x
[length ]~! [time]~2, corresponding to unit force per unit area. Its Sl
unit is thus 1 kg m~! s—2, which has been given the name 1 Pa after the
French mathematician and philosopher Blaise Pascal (1623-1662).

3In reality, AV cannot really go to zero since eventually Am would have to vary discon-
tinuously due to the fact that the fluid is made from individual molecules. However, depending
on the size of the molecules in the liquid or gas to be investigated, for practical purposes it is

generally sufficient if AV approaches the order of 1078 m? to 1073% m?3.
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For viscous fluids the forces exerted across a surface element in the fluid
are more complex, having tangential as well as normal components.
But we shall see that we can still define a pressure.

e Temperature: The scalar-valued function
T ="T(t,r)

describes the temperature in a given fluid at any time ¢ at any position
r, and is a measure of the internal energy of the fluid, i.e., the energy
associated with the thermal motions of the molecules making up the
fluid. The Sl unit for temperature is 1 K. In some cases one can treat a
fluid as having constant, uniform temperature, and in this case the fluid
is isothermal. Considering equations of state that include temperature
would force us to also consider the laws of thermodynamics which
govern the exchange of thermal energy within the fluid. These matters
will not be discussed in this course, but they have important implications
for the theory of viscous compressible flows.

1.5 Describing fluid flow

1.5.1 Static/dynamic and steady/unsteady

e Static/dynamic: If afluid is at rest everywhere (i.e., u = 0 everywhere),
then the situation is static. In this case the appropriate theory is called
hydrostatics, and we will see some examples of this. The majority of
this course is devoted to the study of fluid flow, i.e., where the fluid is
dynamic. And hence the term “fluid dynamics”.

e Steady/unsteady: If the fluid flow parameters are functions of space
but not functions of time, then the flow is described as steady, or time
stationary. Mathematically this is expressed by partial derivatives with
respect to time of any fluid variable f being identically zero,

of _
ot~

(1.3)

In contrast, if the flow velocity changes in time, so that terms involving
0/ 0t are non-zero, then the situation is termed unsteady.
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1.5.2 Analysing fluid motions

One way to model fluid flow is to simply investigate flows which have certain
properties, without directly worrying about the fluid equations of motion. Usu-
ally such properties relate to differential functions of the fluid velocity. Useful
properties are divergence-free or solenoidal fluid flows where

V-u=0, (1.4)
and curl-free or irrotational fluid flows where
Vxu=0. (1.5)

The aim is then to find solutions for « which satisfy one or the other, or both,
of these partial differential equations, together with any boundary conditions.
Of course, this would be pointless if the physical principles governing fluid
flow meant that the equations were not appropriate. But the fact is that these
two differential relations relate to actual physical behaviour: the first to incom-
pressible flow, and the second to flow with zero vorticity (which as we will see
is often satisfied). Of course, we will also have to face the possibility that in a
given situation the flow cannot be described by such differential equations.

Example: steady constant uniform flow

“Steady” means that there is no time dependence of any fluid variable f, i.e.,
df /ot = 0; and “uniform” means that there are no spatial gradients. So, if the
flow is in the z-direction of a Cartesian coordinate system, with magnitude
ug = constant, then

u = (ug,0,0)” . (1.6)

And, obviously, it follows that the flow is divergence-free (i.e., solenoidal)
V.-u=0, .7
and curl-free (i.e., irrotational)
Vxu=0. (1.8)
It might seem a trivial result, but it turns out later to be quite interesting that

uniform flow has zero curl!

Example: planar shear flow

“Planar” means that « is constant in parallel planes; and “shear” means that
u varies in some direction. For example, consider a flow which is everywhere
in the z-direction of a Cartesian coordinate system, but whose magnitude
increases with y-position, such as

u= (U()y, Oa O)T ’ (19)
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where ug is a constant. This is an example of a linear shear flow, since the
flow velocity depends linearly on spatial position.

For this flow we have zero divergence,

0
V-u= %(uoy) =0, (1.10)
but
4 T
V xu= (0705 _a_y(uoy)) = —Uoé€y, (111)

so that the curl of the flow is constant and in the z-direction. (We will look at
this flow again in the section on vorticity.)
Example: spherical radial outflow

For this example we use spherical polar coordinates so that u = (uy, uy, u,)? .
We choose one particular form of radial outflow,

u = (ug/r%,0,0)" (1.12)

where wug is a constant. Then, using standard formulae for the divergence and
the curl of a vector field in spherical polar coordinates (given in chapter 2),

U=95 — 7 9 Oup _ 1 0, 2U0y
Vo= 5o (rur)+ g o s (ug sind) + B 55, 3) =0,
(1.13)
and
1 e réy rsinve,
0 el )
VXU om0 2 = (0,0,0)T. (1.14)

up Tuy Tsindu,

So, for this particular form of the flow velocity (i.e., for |u| o r=2), the flow
has zero divergence and zero curl.

Example: axisymmetric (azimuthal) flow

Consider circular (azimuthal) flow which is constant on cylinders centred on
the z-axis, but whose magnitude depends on the distance from the z-axis. This
situation is best described using cylindrical polar coordinates so that u =
(ur, ug,u,)T. In purely axisymmetric flow u, = u, = 0, and we choose a
particular form for .,

u = (0,uor™,0)7, (1.15)

where n is an integer and wu is a constant. Then,

Lo

B 10u, = Ou,
V- -u= rar(rur) +

;&p_l_az

=0, (1.16)
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so that the flow has zero divergence. The curl of the flow is

| e e, e o
_ 0 el el _ +1\T _ —1) 4
qu—; % 95 oz —(0,0,;5(’11407‘(” NT = (n+1)uer™Ve,.
Up TUp Uy

(1.17)
The last result is rather interesting, since one can see that when n = 1, then
V x u = 0, and so the flow is in fact constant uniform, even though all the
fluid is rotating around the z-axis.

1.5.3 \Vorticity

As well as the flow velocity itself, it is useful to define the vorticity of a fluid
flow which is equal to the curl of the flow velocity.

The vorticity is a vector-valued function of position and time defined as
w:=VXxu, (1.18)
and it is crucially important in the study of fluid dynamics.

The vorticity at a point is a measure of the local rotation, or spin, of a fluid
element at that point. Note that the local spin is not the same as the global
rotation of a fluid.

If the flow in a region has zero vorticity, then the flow is described as irrota-
tional. Irrotational flow is one of the major categories of fluid flows.

In 2-D flow, in the z—y plane of a Cartesian coordinate system, the velocity
has the form
u = [ug(t, 7, y),uy (¢, 2,9),0]" (L.19)

and the vorticity is w = (0,0, w,)”, where

Ouy  Oug
=— - — 1.20
Wy O Ay ( )
In such a 2-D flow consider two short fluid line segments AB (length dz in the
z-direction) and AC (length dy in the y-direction). The y-component of the
velocity of B exceeds that of A by approximately
ou

y 1.21
6.’,5 6‘7" b ( )

so that in a short time J¢ B moves relative to A in the y-direction by a dis-
tance %L;éxdt. This motion then subtends an angle at A of %53:&/% (using
tan a = «, for small o).

We conclude that the instantaneous angular velocity of AB about the z-direction
is simply %. Similarly, the instantaneous angular velocity of AC about the

z-direction in the opposite sense is %L;. Thus at any point
1 1 (Ouy Ouy
tw, = =2 1.22
272 ( or oy ) (1.22)

represents the average angular velocity of two short fluid line elements which
are perpendicular.
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oy

OX

A B A OX

B

Consider in a Cartesian coordinate system the shear flow

u = (By,0,0)", (1.23)
where 3 is a constant. The fluid is not rotating globally, but has a vorticity
_ Ouy  Oug

This arises because while a fluid line segment in the z-direction remains in
the z-direction, a line segment initially in the y-direction leans increasingly
towards the x-direction, so that there is a non-zero average angular velocity.

1.5.4 Circulation

In order to characterise the large scale rotational properties of the flow we
introduce the concept of circulation. Let C' be some closed curve in the fluid
region. Then the circulation around C' is defined as the scalar-valued quantity

= ?iu Al (1.25)

Now, from Stokes’ integral theorem (cf. section 2.5 below) we can write

I‘://S(qu)-dA://Sw-dA, (1.26)

where S is any surface entirely in the fluid that spans C'. This might be inter-
preted as meaning that a flow which is irrotational (w = 0) will always result
in zero circulation. But here care must be taken that there are no obstruc-
tions which prevent the surface S being entirely in the flow region. If there is
an obstruction in the flow, then Stokes’ integral theorem cannot be applied to
a circuit enclosing the obstacle, and then there is the possibility of non-zero
circulation around the obstacle, even if the vorticity of the flow is zero (i.e.,
irrotational flow). It turns out that this is very important for understanding how
aircraft fly!
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1.5.5 Fluid element

When we consider the motion of massive point particles (footballs, rockets,
planets, etc.) it is fairly easy to think about the single object which moves in
response to the forces acting on it. Fluids, on the other hand, are slippery: they
just slip through our fingers! It is much more difficult to think about what it
is that is being pushed around, and how the different parts of the fluid interact
to produce the complex behaviour that we see. We try to get around this by
thinking about an infinitesimally small volume of fluid within the whole body
of fluid. This fluid element is small enough that we can almost consider it
as a single point particle (i.e., it does not split up to go around an obstacle),
but it still retains the properties of a fluid (i.e., it can continuously deform its
shape in response to the forces on it). The concept of an infinitesimal fluid
element which moves with the fluid is equivalent to a piece of debris being
carried along in the flow of a river. Its motion traces out a particle path, as
discussed below. We can say that a particular fluid element is “labelled” by its
spatial position g at some given fixed time t.

When we refer to a fluid element, we do not mean one particular molecule of a
real fluid (which will have random thermal motions), but rather a particle (real
or conceptual) which has the flow velocity w(t, 7) when it is at spatial position
r at time t.

The fluid element moves with the fluid, and as it does so, its shape might
distort; in particular, until one of its dimensions is no longer infinitesimal.
But, of course, the distinction between this single fluid element and the rest
of the fluid is completely arbitrary, and at any time we can choose to consider
another “typical” fluid element. In order to describe the behaviour of the fluid
as a whole, we use the concept of a fluid element to find out how this typical
part of the fluid moves at one particular position and time. By considering
the forces acting on the fluid element we are able to find the equations which
govern the fluid motion.

Sometimes we will wish to discuss the motion of not just an infinitesimal fluid
element, but a finite “blob” consisting of the same fluid elements. Such a blob
will move and change shape, and is sometimes referred to as a “dyed” region
(although the dye is purely imaginary), and will be a dynamic region in space
and time as compared to a region fixed in space.

1.5.6 Streamlines, particle paths and streaklines

The flow velocity is the basic description of how a fluid moves in time and
space, but in order to visualize the flow pattern it is useful to define some other
properties of the flow. These definitions correspond to various experimental
methods of visualizing fluid flow.
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Streamlines

A streamline is, at any particular time ¢ = constant, a curve which has the
same direction as u(t,r) at every point ». Equivalently, the flow velocity is
tangential to a streamline at all points along it. A streamline can be defined
passing through every point in the fluid where the flow velocity is non-zero.
Streamlines give information about the direction of fluid flow, but not about
the magnitude of the flow velocity.

A streamline can be viewed as a parametrised curve, » = r(s). As such we
obtain it as a solution to the ordinary differential equation of first-order

(;_: =A u(taT)|t:const ’ (1.27)
subject to specifying a single point through which it passes (i.e., giving an
“initial condition™); X is an arbitrary constant. This relation expresses the fact
that for ¢ = constant the tangent vector to a streamline and the flow velocity
are parallel to each other. In Cartesian coordinates it translates to solving the
three ordinary differential equations of first-order

dzx d

dz Y\ dz

ds )\uﬁﬂ‘t:const ’ & y|t:const ’ & (1.28)

= >‘u3|t:const .

Equivalently, we can solve the three partial differential equations of first-order

Uy(t,7)dz = u, (¢, 7)dy , u, (¢, r)de = ugy(t, r)dz , ug(t, r)dy = uy(t, r)dz,

(1.29)
at any particular time ¢ = constant. This is just the statement that the compo-
nents of the tangent vector to a streamline are in the same proportion to each
other as the components of the flow velocity. This defines a whole family of
curves. Any particular curve is chosen by specifying one point through which
it passes.

By drawing, or imagining, many streamlines in a fluid (each passing through
distinct sets of points) we obtain a map of the motion of the fluid as a whole.

Streamlines can be imagined in a number of ways. Consider long, thin, grass-
like water weeds in a stream: at any moment a strand of weed shows the
changes in the direction of velocity at a point. From these directions a stream-
line can be constructed.

Alternatively, there is the experimental technique of a streak photograph. Small,
neutrally buoyant beads are put into the fluid, and then one particular plane of
the fluid region is illuminated, and a short exposure time photograph is taken.
As the fluid moves it carries the beads along with it, and the photograph will
record each bead as a streak, the length and direction of which gives the ve-
locity at that particular point in space. (Obviously, the exposure time has to
be long enough for the beads to move a short distance). The photograph then
gives a view of the streamlines in the illuminated plane.
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Particle paths

Above we have introduced the idea of a fluid element moving with a fluid,
i.e., a small volume of fluid which at any time ¢ and spatial position r has flow
velocity u(¢, 7). We can now imagine the curve traced out by such a fluid
element as it moves with a given flow. This curve is known as the particle
path. It is the continuous set of loci a fluid element (labelled q) has passed
through on its motion with a fluid, during a given time interval. We obtain
this curve as a solution to the ordinary differential differential equation of first-

order
dr(t,q)
dt

= ult,r(t, q)]\q , (1.30)
q
subject to given initial conditions. Here (¢, q) = [z(t), y(t), z(t)]" |q denotes
the position of the fluid element g at time ¢. In Cartesian coordinates this
translates to the three ordinary differential equations of first-order (with ¢ held
fixed)

dz dy dz

dat = ug[t,r(t)] dtr = uy[t’T(t)] y oo = Ut r(t)], (1.31)

subject to given initial conditions. In a steady flow the particle path is the same
as a streamline.

Streaklines

Another experimental way to measure fluid flow is to introduce at a point a
source of dye or smoke which is then continuously carried away from that
point by the fluid flow. The resultant curve is called a streakline. An example
is the line of smoke blown from a chimney. Once again, in a steady flow the
streakline is the same as a streamline.

The streakline is the set of points at some fixed time ¢ = constant consisting of
fluid elements that, at some time ¢’ in the past, have all passed through some
fixed point ¢. Thus, the fluid element label g varies among all values such that
r(t',q) = c for some time ¢’ < ¢.

Example

Consider in Cartesian coordinates the 2-D, time-dependent, flow
u=ug(1,t,0)T, ug = constant .
The streamlines are given by the equations
dz=0, dy=tdz, (1.32)

with ¢ = constant. The first equation gives z = constant, so that the stream-
lines are parallel to the z—y plane; and the last equation can be integrated to
give

y=te+k, (1.33)
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where & is the constant of integration. The streamlines are then straight lines
with a gradient ¢; each value of & defines a different streamline.

For a particle path, consider the fluid element that has spatial position (a, b, 0)”
att = 0 (so that u, (¢t = 0) = 0). Then the equations of motion are just

d
d—f = g = T = a+ upt (1.34)
d 1
d—?i = ugt = y=>b+ §u0t2 (1.35)

dz

7 = z=20 (1.36)

Eliminating ¢ between solutions (1.34) and (1.35), we find
1
y=b+—(z—a)?. (1.37)
2ug

Thus the particle paths are parabolae.

For a streakline, consider for example the one that passes through (0,0, 0)%".
A fluid element position is specified by its initial spatial position, (a,b,0)” (as
above). It will pass through (0,0,0)7 if

b+ 12y , (1.38)

2’!1,0

from just putting z = y = 0 (and z = 0) in the particle path equation (1.37).
From the particle path equations for z and y, (1.34) and (1.35), the fluid el-
ement at (a,b,0)”, which passed through (0,0,0)7, did so at time ' given
by

1
a= —ugt' b=— 2 ugt’? . (1.39)

The loci of all such points are found by substituting back into the particle path
equations, so that

1
r=—ug(t — 1), y:—iuo(t'Q—tQ) , z=0. (1.40)
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This gives (z,y,2)" for the streakline at time ¢ parametrically in terms of ¢’
Finally, eliminating " in (1.40) gives

$2

1
= -2zt — —). 1.41
y=5(2 UO) (1.41)
Thus the streakline is also parabolic, but in the opposite sense to the particle
paths.

1.6 Modelling fluids

When it comes to deducing the equations that govern fluid motion, there are
two fundamentally different approaches: the Eulerian description and the
Lagrangian description. The two viewpoints have been named in honour of
the Swiss mathematician Leonhard Euler (1707-1783) and the French mathe-
matician and mathematical physicist Joseph-Louis Lagrange (1736-1813), re-
spectively.

1.6.1 Eulerian description

In the Eulerian description a fixed reference frame is employed relative to
which a fluid is in motion. Time and spatial position in this reference frame,
{t,r}, are used as independent variables. The fluid variables such as mass
density, pressure and flow velocity which describe the physical state of the
fluid flow in question are dependent variables — as they are functions of the
independent variables. Thus their derivatives are partial with respect to {¢,r}.
For example, the flow velocity at a spatial position = and time ¢ is given by
u(t, ), and the corresponding acceleration at this position and time is then

o ou(t,r) ’
ot |,

where the notation signifies that = is kept constant, i.e., the time derivative is
for the same position.

(1.42)

1.6.2 Lagrangian description

In the Lagrangian description the fluid is described in terms of its constituent
fluid elements. Different fluid elements have different “labels”, e.g., their
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spatial positions at a certain fixed time ¢, say g. The independent variables
are thus {¢, g}, and the particle position r(t, q) is a dependent variable. One
can then ask about the rate of change in time in a reference frame comoving
with the fluid element, and this then depends on time and particle label, i.e.,
which particular fluid element is being followed.

For example, if a fluid element has some velocity u(t, q), then the acceleration
it feels will be
_ Ou(t,q)

ot q

where the notation signifies that q is kept constant, i.e., the time derivative is
for the same fluid element.

(1.43)

1.6.3 Boundary conditions and initial conditions

Fluids need containers: they have boundaries. At a boundary one can find re-
lationships between the fluid variables and the boundary, so-called boundary
conditions. The boundary conditions will depend on the type of boundary (is
it moving?), and the type of fluid (is the fluid viscous or inviscid?).

The types of fluid motion that we find depend on the shape and symmetries of
the boundaries: water in a tea cup behaves differently from water in an ocean.
It might also be important to consider the scales over which we are describing
the fluid flow.

If there exist any symmetries in the boundaries, or the flow itself, then they are
exceptionally important in determining the form of the fluid flow solutions.

e Two-dimensional (2-D) flow: The flow is independent of one spatial co-
ordinate. For example, if in Cartesian coordinates {x,y, z} it is inde-
pendent of z, then u, the flow velocity, takes the form

u = [uw(t,x,y),uy(t,x,y),O]T . (144)

A real configuration might produce approximately 2-D flow if the vari-
ation in the third dimension is sufficiently slow. For example, the flow
over a wing might be approximately 2-D, except near the wing-tips.

e Axisymmetric flow: With suitable cylindrical polar coordinates {r, ¢, z}
or spherical polar coordinates {r, 4, ¢}, all fluid variables are indepen-
dent of ¢ (the azimuthal angle). There is still the possibility that the az-
imuthal flow velocity u,, may be zero or non-zero (but still independent

of ¢).

The main purpose of fluid dynamics is to predict what kind of fluid motion
we can expect to find for a given fluid configuration that experiences known
internal and external forces. Thus, in order to use the equations of motion
of fluid dynamics to predict the future development of a given (momentary)
fluid configuration, one needs to know the initial conditions as well as the
boundary conditions which describe the initial state of this configuration.
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From a mathematical point of view, we can say that in the general case (i.e.,
when no simplifying assumptions are made) the equations of motion of fluid
dynamics pose so-called initial-boundary value problems. In this course,
for reasons of technical complexity, we will only marginally touch upon this
general case.

1.6.4 Computational fluid dynamics

The equations of motion in fluid dynamics form a highly complicated cou-
pled system of non-linear partial differential equations of first or second
order. As expected from such a complicated system, they turn out to contain
lots of interesting physical behaviour: waves, shock wavess, turbulent flow,
and even chaos, as well as various simpler kinds of motions. As no general
solution to this difficult equation system is available, and not even theorems
proving existence, uniqueness and stability of solutions to the fully general
equations of motions have been established, many situations in fluid dynamics
can only be thoroughly studied by the use of computer simulations. Indeed,
the modern field of computational fluid dynamics (CFD) is a vast and very
active field of research in physics and applied mathematics.* At present we
just restrict ourselves to the following remarks.

The distinction between different descriptions leads to different ways to solve
problems of fluid dynamics on a computer. A computer can only handle a
problem of finite size. In the Eulerian description the fluid domain is divided
into a finite set of cells, each storing numbers for the fluid variables of a given
flow. The partial differential equations of fluid dynamics are then solved
numerically over this finite set of points.

In the Lagrangian description the fluid is divided into a finite set of fluid
“elements” (or simulation particles), each of which has a stored position and
velocity. The evolution of the fluid is simulated by solving the equations of
motion for all of the simulation particles. If the fluid variables are required at
any particular point in space, then any simulation particles in the vicinity of
that point are found and then the corresponding quantities averaged.

“Take, e.g., a look at the websites listed at the beginning of these lecture notes.
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Chapter 2

Mathematical techniques

2.1 Overview

On the mathematical side, our study of fluid dynamics is in terms of scalar
fields (e.g., the fluid mass density and fluid pressure) and vector fields (e.g.,
the fluid flow velocity) defined on Euclidian space R3, and the relationships
between them. Since these relationships are mostly differential in nature, we
make extensive use of vector calculus. This chapter provides a brief review of
the mathematical techniques we will employ in this study.

First we will review vector calculus for different coordinate systems on R3,
Then we will briefly discuss two fundamental integral theorems. Both these
topics are introduced to you in more detail in MAS204 Calculus I11. Next we
address the issue of matrix transformations, which are transformations that
describe a linear change of variables. And, finally, following the introduction
of Dirac’s delta function, we will discuss the general expansion of a square
integrable real-valued function f(xz) over a given interval in terms of complete
sets of orthonormal functions, the most familiar one being perhaps Fourier
series expansions.

2.2 \ector calculus in Cartesian coordinates

Let us remind ourselves of the vector analytical differential operators in a right-
handed oriented Cartesian coordinate basis of R3, { e,, e,, e, }, with coor-
dinates {z,y, z}, where

1=les|=ley|=]e:].

If on a domain D C R3? we have ¢ as a differentiable scalar-valued function
of position r = (z,v,2)T, and A = (A,, Ay, A,)T as a differentiable vector-
valued function of », then the vector analytical differential operators assume
the explicit forms

Gradient operator:

0 0 0
V¢ = —¢e$+—¢ey+a—f

. 2.1
or y € (21)

21
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Divergence operator:

04, | 04, 04,

V-A = o + oy o (2.2)
Curl operator:
Vaa - [Me_om), [0 2]
[% — 65?”] e,. (2.3)
Laplace operator:
(V-V)p = @-l-@-l-@. (2.4)

ozx?2  0y? 022

2.3 Vector calculus in orthogonal curvilinear coordi-
nates

Assume on R? given a right-handed oriented orthogonal coordinate basis
{ e1, ey, e3 }, with coordinates {z1, z2, 3}, where orthogonal means that e; -
ej = 0fori # j,and 4,57 = 1,2,3. From this a normalised orthogonal
basis! { &1, &5, &3 } can be obtained, where normalised means that

l=¢e - =¢éy -6y =é3-é3.
Introducing the quantities

gir:=€1-€1, @g:=e€x-€2, (33:=€3-€3,
the two sets of basis vectors are related by the definitions
1 1 1

~ ~

él = €1 €y = €9 €3 = es .
V911 ’ V922 ’ V933
Let, on adomain D C R3, ¢ = ¢(x1, 2, z3) be a differentiable scalar-valued
function, and A = A(z1, z2,z3) a differentiable vector-valued function. We
have

A=%% e +CA2€2—|—CA363 =Ajé1 + Ay ey + Az és ,
where

A =g11A1, As=+/922%42, A3 =./g33;3.

One can show that with respect to the normalised orthogonal basis { &1, &2, é3 },
the vector analytical differential operators are given by

This is, in general, a non-coordinate basis, i.e., it cannot be generated from a transfor-
mation of an (orthogonal) coordinate basis { e1, e2, es } with a Jacobian matrix of a specific
coordinate transformation.
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Gradient operator:

1 0¢ . 1 0¢ . 1 0¢ .
Vo = —e1 + —eé9 + —e 2.5
¢ V311 0z ' V922 Oz 2 V933 Oz s 29
Divergence operator:
1
V . A _= _— (2'6)
V911922933

0 0 0
X | (/922933 A1) + — (/933911 A2) + (/911922 43)
31171 8:132 6563

Curl operator:

3 1 d(/g3343) a(\/gEA2)> .
L [( v ) vae: (27)
b (AT A o,
P A)) 8 A
n ( (\/892:21 2) B («/3312 1))\/95&)’]

Laplace operator:

1
(V . V)¢ B V911922933 @8)

w | 9 [922988 99 | 933911 3¢>
0x1 g1 011 (9:102 019
n i( (911922 3¢)]
Oz3 gs3s O3
respectively The last result follows from (2.6) when A; = 1 6¢/8x1,

Ay = \/@ 0¢/0zy and Az = \/9373 0¢ /03 are used. We are mterested in
the explicit form these vector analytical differential operators assume for two
frequently employed kinds of orthogonal curvilinear coordinates.

2.3.1 Cylindrical polar coordinates

Cartesian coordinates {z, v, z} on R? are related to cylindrical polar coordi-
nates {r, ¢, z} according to

r=rcosp, yYy=rsiny, z=2, (2.9)
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<v

X

where the coordinates {r, ¢, z} vary in the intervals » > 0,0 < ¢ < 27
and —oo < z < +o0. The coordinate r gives the magnitude of the position
vector r projected onto a plane z = const, while z is the magnitude of »
projected onto the z—axis. The coordinate ¢ is the azimuthal angle subtended
by the projection of » onto a plane z = const and the positive (z, z)-half
plane, measured anti-clockwise. Note that sometimes € is used to denote the
azimuthal angle, instead of ¢.

The right-handed oriented coordinate basis { e,, e,, e, } is given in terms of
the Cartesian coordinate basis { e, ey, e, } by

e, = Ccospe;+sinpe,
e, = —rsinpe;+rcospey . (2.10)
e, = e,

For cylindrical polar coordinates we thus have

vgllz\/grrzla V322 = \/Gpp =T, vg33:\/gzz:1>
so that we define a normalised orthogonal basis { &, é,, &, } by

A

ér :=e,,

&, =e,. (2.11)

(¢
S

i

)
S

Then we obtain from (2.5)—(2.8), respectively,

Gradient operator:

o, 109, 09,
V¢ = 8rer+r8<pe‘p+8zez (2.12)

Divergence operator:

10 1 04, 0A,
V-4 = rar(rAr)_i_r dp 0z

(2.13)
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Curl operator:

VA - (laAz_%)éH_(BAT_BAZ)A

r Oy 0z 0z ar )
1/ 94, .
+ ; (E(’I’Aw) — %> €,

Laplace operator:

2 2
© e = L2 (%) L

ar\"or) T2 0g2 " 922

2.3.2 Spherical polar coordinates

25

(2.14)

(2.15)

Cartesian coordinates {x,y, z} on R? are related to spherical polar coordi-

nates {r, 4, ¢} according to

z=rsindcosp, y=rsindsing, z=rcosd,

<v

X

(2.16)

where the coordinates {r,d, ¢} vary in the intervals > 0,0 < 9 < 7, and
0 < ¢ < 2m. The coordinate r gives the magnitude of the position vector
r, while the coordinate ¢ denotes the angle between r and the z—axis. The
coordinate ¢ is the azimuthal angle subtended by the projection of = onto the
(z,y)-plane and the positive (z, z)—half plane, measured anti-clockwise.

The right-handed oriented coordinate basis { e,, ey, e, } is given in terms of

the Cartesian coordinate basis { e, ey, e, } by

e, = sindcospe; +sindsinpe, +cosie,
ey = rcosdcospe,+rcosisinpe, —rsinde, .
e, = —rsindsinpe,+rsindcosypey

(2.17)
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For spherical polar coordinates we thus have

VIu =+ =1, V92=+9 =7, /933=1+/9p, =7 sind,
so that we define a normalised orthogonal basis { é,, &y, &, } by

1 . 1
9= ey, €,:= e, . (2.18)

~

€r = €r,

o>

Then we obtain from (2.5)—(2.8), respectively,

Gradient operator:

09, 18¢> 1 0¢ .

_ 2.1
Ve or et r a9 ¢ +Tsin19 dp o (219)
Divergence operator:
10 , 1 9
VA = T—ZE(T AT)+’)"SI 19819(8111‘191419)
Curl operator:
1 0 0Ay\ .
VxA = S <8ﬂ(sm19A ) — W) é, (2.21)

1 1 04, 0 . 1/0 0A,\ .
+; (sin’z? Oy 8T(TA )> eﬁ-l—; (E(TAﬂ)_B—ﬁ> €
Laplace operator:

Lo a0\, 1 0 (0
(V-V)¢ = r2 Or (r 6r>+r231n19 09 (Slm(}(%’)
+

1 9
r2 sin? ¥ 3g0

(2.22)

2.4 Vector analytical identities

Certain vector analytical identities will be of use in this course, which do hold
independent of the choice of coordinate system we pick on R3. Let, on a
domain D C R?, ¢ = ¢(r) and o = 1(r) be differentiable scalar-valued
functions, and A = A(r) and B = B(r) be differentiable vector-valued
functions. Then

V.(pA) = ¢(V-A)+A-(V9) (2.23)
Vx(pA) = ¢(VxA —Ax (V) (2.24)
Vx(Vg) = 0 (2.25)

V. (VxA) = 0 (2.26)

V(¢y) = $VH+VY (2.27)
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V- (AxB) = B-(VxA)—A.(V xB) (2.28)

Vx(AxB) = (B-V)A-(A-V)B (2.29)
+A(V-B)-B(V-A)

Ax(VxB)+Bx(VxA) (2.30)
+(A-V)B+(B-V)A.

V(A-B)

Note that with respect to a Cartesian coordinate basis (only) the additional
identity
Vx(VxA)=V(V-A)-(V-V)A (2.31)

holds.

2.5 Integral theorems

2.5.1 Gauly’ integral theorem

Consider in Euclidian space R? a simply-connected volume G that is bounded
by a closed surface OG, and a differentiable vector field A = A(t, r) defined
everywhere throughout the region that contains G. We assume that 9G is fixed
in time. Then we have?

///GV-AdV:/ | Arndd, (2.32)

where n is the outward-pointing unit normal to dG. This theorem is named
after the German mathematician and astronomer Carl Friedrich GauB (1777-
1855) and dates back to the early nineteenth century.

2.5.2 Stokes’ integral theorem

Consider in Euclidian space R? a simply-connected surface S that is bounded
by an oriented closed curve 05, and a differentiable vector field A = A(¢,7)
defined everywhere throughout the region that contains S. We assume that 9.5
is fixed in time. Then we have

// (VxA)-ndd= A ds, (2.33)

where n is the unit normal to S, directed in relation to the orientation on
0§ according to a right-hand convention. This theorem is named after the
Irish mathematician and physicist George Gabriel Stokes (1819-1903) who
established a proof during the mid-nineteenth century.

2The surface integral sign on the right-hand side should really be a two-dimensional analog
of the closed-loop line integral sign §, to emphasise that the integration is over a closed surface.
However, it appears that IATEX2¢ does not hold such a symbol available (or at least we have not
discovered it yet). Any help would be appreciated.
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2.6 Cartesian index notation

We can prove the above vector identities, and others, without resorting to in-
tegral theorems, using expressions for the various vector operators in any par-
ticular coordinate system. In order to avoid long cumbersome calculations, we
use the index notation and the summation convention.

With respect to a Cartesian coordinate basis, position vectors are written as
z;, 1 = 1,2,3, and general vectors A;, i = 1,2, 3. Partial differentiation is
then written as 9/0z; or 9;.

In order to write scalar and vector products one introduces the Kronecker
symbol (hamed after the German mathematician Leopold Kronecker, 1823—
1891)
Y B
0ij == { | iz (2.34)
and the alternating symbol

+1 cyclic (or even) permutations of (1,2,3)
€k = § — 1 anticyclic (or odd) permutations of (1,2,3) . (2.35)
0 otherwise

The summation convention is that any repeated indices are summed over
1,2, 3, and the summation sign is omitted. Summation indices are sometimes
called “dummy indices”, since they can be changed to another value (i.e.,
symbol) without affecting the outcome: e.g., (trivially) A;B; = A;B;. Using
the summation convention leads to the following useful identities:

5i = 3 (2.36)
€ijk€imn = OjmOkn — Ojnlkm (2.37)
€ijk€ijm = 20km (2.38)

€ijk€ijk = 6. (2.39)

The following shows familiar differential operators expressed by using the
summation convention:

(Vé)i = 0 (2.40)
V-A = 84 (2.41)
(A X .B)Z = eijkAjBk (242)
A-B = AB; (2.43)
(V X A)Z = GijkajAk . (2.44)

We also note a useful property: If T3, is symmetric (i.e., T;; = Tj;), then
€ijk Tjk =0 s (2.45)
from the anti-symmetric properties of ;5. Obviously it follows that

GijkAjAk =0 , (2.46)
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which is none other than the identity A x A = 0.

And now, a worked example:

(V X (A X B))z = Eijkaj(A X B)k (2.47)
€k 0j (€xtm A1 Bm)
€kij€kim 95 (Ai1Bm)
= 048jm0j(Ai1Bm) — 0im0;10;(AiBm)
9;(AiB;) — 0;(A;B;)
Aiaij + Bjain — BiajAj — AjajBi
= (V-B)(A)i+(B-V)(A)
- (V-A)(B); - (A-V)(B); .

Note, how we use the properties of the alternating symbol to “rotate” its indices
(e.9., €ijk = €xij), and the properties of the Kronecker symbol to “remove”
dummy indices (e.g., 6;;B; = B;).

2.7 Matrices and linear transformations

Matrices can be regarded as corresponding to linear geometrical transfor-
mations that act on vectors and transform them into other vectors. This is
relevant to the study of fluid dynamics because a fluid line element can be
transformed into a fluid line element of a different magnitude and pointing in
another direction due to differential variations in the flow velocity field of
the fluid. Also, there is a relationship between the vector normal to any par-
ticular surface element in the fluid, and the vector representing the force on
that surface element. These two vectors are not, in general, parallel to each
other, so the relationship must involve a linear transformation described by a
matrix.

Rather than work in a general way, we will present results for 2-D matrix
transformations. The corresponding 3-D results can be derived in a similar
fashion.

Consider what happens when a unit square with vertices in Cartesian coordi-
nates at (0,0)7, (1,0)7, (0,1)” and (1,1)T (labelled O, A, B and C, respec-
tively) is transformed by a matrix defined by

(10 a b\ _ (1+a b
1+M'_<o 1>+(c d>_< c 1+d>’ (2:48)

which, as the constants a, b, ¢ and d shall be assumed to be very much smaller
than unity, deviates only slightly from the unit matrix. In other words, this
matrix will produce only small changes.
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— —
The vectors OA and OB, originally orthogonal, are transformed into new vec-
H
OA" = (14a)ez+cey (2.49)
_)
OB' = be,+(1+d)ey. (2.50)

tors

— —
The angle ¢ between the new O A’ and OB’ is
—>I —>I
OA"-OB
Cosp = — — = (b+¢), (2.51)
| OA" || OB’ |

where only terms of first-order smallness in a, b, ¢ and d have been retained
in the final expression. Similarly, to first-order smallness in a, b, ¢ and d, the

— —
area A spanned by the new OA’ and OB’ is
— —
A=|0A"||OB'|sinp =1+ (a+d). (2.52)
Generalizing from this simple example, we can make the following statements

about the action of the matrix M:

e An anti-symmetric M, with a = d = 0 and b = — ¢, leaves both the
angle and the area between two vectors unchanged. This corresponds to

rigid rotation.
e The change in area of a unit square equals the trace of M, i.e., the sum

of its diagonal elements, a + d.
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e A symmetric-trace-free M, with b = cand d = — a, leaves the area
between two vectors unchanged but changes the angle. This corresponds
to shearing.

We can rewrite the matrix M representing the change in the vectors spanning
a unit square as an irreducible sum of three matrices, each with a different
geometrical effect:

M:l(ﬁM)H[

5 (M+MT)—%(TrM)1]+%(M—MT)

N | =

(0) = zeralo 1)+ (6:8 65)

J

Expgﬁsion Shear
1 0 (b—c)
+ 3 < —(b—c) 0 ) . (2.53)
Rotation

The first results just in a multiplication by a scalar, i.e, an overall expansion
(or contraction). The second represents a trace-free distortion, i.e., a change
of shape without change of area, or shear. The third is anti-symmetric, i.e.,
it generates a rigid rotation. Thus any linear transformation involving only
small (i.e., infinitesimal) changes of a geometrical object can be thought of as
the sum of an expansion, a shear, and a rotation of that object.

A further point: shear is equivalent to anisotropic expansion/contraction,
typically along orthogonal directions not aligned with the coordinate direc-
tions. To demonstrate this, note that the first two matrix components (expan-
sion and shear) are symmetric, but the second (or sum of first and second) is
not necessarily diagonal. But it is possible to choose particular vectors (eigen-
vectors) such that

Sv=>\. (2.54)

This implies that the matrix S acts on vectors parallel to v by just multiplying
them by a scalar, i.e., it does not change their orientations.

As an example consider the shear matrix

0 1
sz(l 0). (2.55)

The eigenvalue equation becomes

“A 1 ‘:0, (2.56)

so that the eigenvalues of S are A\ = +1, and the eigenvectors are (1/+/2)(1,1)7
and (1/+/2)(1, —1)T. In the present case, the shear is equivalent to a pure ex-
pansion/compression along axes at 45° to the original Cartesian directions.
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To conclude this section, let us state in view of later applications that in 3-D a
square matrix M is decomposed into its irreducible parts according to

1
-3

1

M (TrM) 1+ %(M+MT) 5 (TrM)1 +é(M—MT).

2.8 Dirac’s delta function

Let us assume that f(r) is a continuously differentiable real-valued function
on aregion G C R3. Then, by definition, Dirac’s delta function (named after
the English physicist Paul Adrien Maurice Dirac, 1902-1984) has the property

/ p | f(r) forr=r"€G
///Gf(r)é(r—r)dV—{ e _mge - @s)

With the special choice f(r) = 1, this yields

, , 1 forr=r"€qG
///Gé(r—r)dV —{ 0 forr=r'¢G (2.58)

Assuming compact support for f(r) on G (i.e., sufficiently rapid fall-off be-
haviour as r — o0), a gradient of Dirac’s delta function can be interpreted
according to

// /G F) Vb(r — ') V! = = Vi f(+)

g (2.59)

Vo here denotes the gradient with respect to »’. Note that 6(r — ') = 6(r' —
r) applies, i.e., Dirac’s delta function is symmetric.

2.9 Orthonormal function expansions

Many linear differential equations that occur in mathematical physics (as,
e.g., Laplace’s equation for steady irrotational flow to be discussed below)
give rise to solutions that can be represented as expansions over complete sets
of orthonormal functions on a given interval. The particular complete set that
one uses depends on the geometry of the problem at hand.

Consider, in one spatial dimension, an interval (a,b) in a variable z, with a
complete set of real or complex functions U, (z), n = 1,2,...,00, that are
square integrable and orthonormal on (a,b). That is, they satisfy the

Orthonormality condition:

/ U (2) U () d = (2.60)

with é,,,,, denoting the Kronecker symbol, and the
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Completeness condition:
> Un(a") Un(a) = 0(a’ ~ ) , (2.61)

with 6(z" — z) denoting Dirac’s delta function. Then an arbitrary real-valued
function f(x) that is square integrable on (a, b) can be expanded in an infinite
series of the U, (z) according to

fl@) = ) anUn(w) (2.62)
n=1
anp = /bUn*(a:)f(ac)dx. (2.63)

The constant expansion coefficients a,, are said to represent the spectrum of
f(z) with respect to the Uy, (z).

That the right-hand side of (2.62) does indeed provide a rigorous representation
of f(z) can be seen as follows. Using (2.63) in (2.62), we find

oo

f@)=3 [/:U;i(:v')f(w')dw’] Un(z) ,

n=1

the right-hand side of which can be rewritten as

> [ [ s = [ e

But then, by (2.61), we have

/jf( ZU*

which ends this demonstration.

> Ux(a') Un()

da —/ f(a) 8(a' — o) da’ = f(a),

Note that the concept of orthonormal function expansions can be conveniently
extended to square integrable functions in three spatial dimensions.

2.9.1 Fourier series expansions

The most famous set of orthonormal functions are the normalised sines and
cosines,

2 . (n2rw 2 n 2w
—sin| —=x | , —cos|—=x), n=12,...,0
a a a a

used in a Fourier series expansion (named after the French mathematician
Jean Baptiste Joseph Fourier, 1768-1830) of a real-valued function f(z) that
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is periodic over an z—interval (—a/2,a/2). Namely,
2 — 2 2
s Ao+ \/j Z [An cos (Mx> + By, sin <Mx)]
a el a a
2 [? 2
A, = \/j f(x) cos (M :1:) dz
—a/2
a/2
B, = \/7/ sm( n2m )dx.
a/2 a

Alternatively, using the normalised complex exponentials

f(z)

1 sn 27

n :—ZTI, = ,:*: ,:l: ,...,:I: Pl
Un(z) \/ae n=0,£1,+2 00
f(x) can be expressed by the expansion
1 n27r
f(z) = %H_ZOOA e (2.64)
4 1 /m ~i" 9 f(a)d (2.65)
n e e e a X I . .
\/a —a/2

2.9.2 Fourier integral representations

In the limit that we let the z—interval (—a/2,a/2) become infinite, i.e., a —
oo, while simultaneously making the transitions

n2
—W:v — k
a

from discretely to continuously varying quantities, we obtain the Fourier in-
tegral representation of a square integrable real-valued function f(x) (“of
period infinity”) over the interval (—oo, +00) given by

. eikw )
f(z) —% / )e** dk (2.66)
_ fzkz
Ak) = = / f(z) dz (2.67)

The orthonormality condition for the continuous set of square integrable func-

tions U (k,z) = \/% ek on (—o0, +00) reads

L BT 4p = 5(k — k'), (2.68)

21 J_



MAS209: Fluid Dynamics 1997 — 2002 35

while the completeness condition reads

1 . /

— e*@=2)2 4k = §(z — 2') . (2.69)

21 J_s

Hence, both of these integral expressions provide convenient representations
of Dirac’s delta function discussed in section 2.8.

We conclude by stating that straightforward extensions of the Fourier integral
representation to square integrable functions in three spatial dimensions do
exist.
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Chapter 3

Introduction to fluid flows

3.1 Basic concepts

The aim of this section is to introduce some of the most important equations
and concepts of fluid dynamics, so that we can begin learning about fluid flows
as soon as possible. We will return to many of these topics in more detail, and
more rigorously, later.

Provided that there are no chemical or nuclear reactions happening, then a very
important physical principle is that of conservation of mass. In other words,
for a given body of fluid the amount of matter in it remains constant.

Another important concept when it comes to describing fluids is that of com-
pressibility, which is, loosely speaking, how “squeezable” the fluid is. For
example, water (the fluid which we are most familiar with) is nearly incom-
pressible, and this imposes important restrictions on the types of flow that are
possible. Air, on the other hand, is more easily compressed.

But first we discuss the relationship between the Eulerian description of the
variation of fluid quantities at fixed spatial positions and the Lagrangian de-
scription of the variation of fluid quantities as one moves along with a partic-
ular fixed fluid element.

3.1.1 Convective derivative

In general in this course we want to use the Eulerian description of fluid dy-
namics (as, e.g., we have done when describing streamlines). But some fluid
guantities are best expressed in Lagrangian terms, e.g., conserved quantities
such as mass or linear momentum. Thus we want to relate the two formula-
tions. In particular, we want to relate the different concepts of “rate of change”
in the two descriptions.

Choosing Cartesian coordinates, consider a function f(¢,z,y, z) as repre-
senting some quantity describing a particular aspect of the motion of a fluid
(such as mass density or a component of the flow velocity). The partial deriva-
tive 0f /0t means the rate of change of f with respect to ¢ at fixed spatial
position r = (z,y, z)7.

We can also find the rate of change of the quantity f as we “follow the fluid”,
namely, how f changes as we track a particular Lagrangian fluid element.
This is called the convective derivative (or, in some textbooks, the material

37
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derivative, Lagrangian derivative, or mobile derivative). We denote this by

Df

d
Di|g i CEORTORIVIR (3.1)

where now the position coordinates {z(t),y(t), z(¢)} of a fixed Lagrangian
fluid element labelled g are considered as functions of time which describe the
motion of the fluid element. That is, these position coordinates change with
time as the local flow velocity w. The function f is in Eulerian terms, but the
position coordinates {z,y, z} are of the Lagrangian kind; they are no longer
the independent variables. Thus,

dz dy %
B B dt

So, for example, the rate of change of the x-position of a fluid element with
label g is the z-component of the flow velocity w.

= Uy, . (3.2

The chain rule of differentiation then gives for the convective derivative of f

Df| _9f , 0fds  9fdy  0fd

Dilg 0t Oz dt  Oydt Oz dt’ (33)
ie.,
Df of of of of
— | = fuy—— L u, . 4
th 8t+u 8x+uy8y+u 0z (34)
In vector form this can be written as
Df| _ of
Bily = oty T VI (35)

What this says is that the Lagrangian rate of change in time of any fluid quan-
tity f for a particular fixed fluid element (labelled q) is made up of two parts:
the rate of change in time of f at the instantaneous spatial position of the fluid
element and the rate of change of f due to the fact that the fluid element is
moving from one place to another, where f may have a different value at a
given instant in time. Thus the convective derivative gives the Lagrangian rate
of change in time of f in terms of Eulerian measurements. Note that in this
derivation we have neglected second-order terms due to, e.g., the time variation
of f at the new position of the particle. Unfortunately, the second contribution
to Df /Dt is sometimes (confusingly!) called the convective derivative. A
better way is to speak of the “convective term”.

An alternative derivation is the following. Consider any fluid quantity f(¢, ).
The difference in f at two different times ¢ and ¢+ At, for a given Lagrangian
fluid element labelled q, is
_ Df 2
q
But, if the position of the fluid element is  at time ¢ and » + Ar at ¢t + At,
then this difference can be written relative to an Eulerian reference frame as

ft+ At e+ Ar) — f(t,7) = f(t + At,r + A7) — f(t + At, 7)
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+f(t+At,’I’) —f(t,’l")

At + O(A?, Ar?) (3.7)
r

of
= A"' . Vf|t+AtAt+ E

using Taylor expansions of f in both ¢ and . So, neglecting higher-order
terms, equating (3.6) and (3.7) yields

Df| _of

Ar

= + — - V] . (3.8)
Dt|g Ot|, At trAt
In the limit Atz — 0 this becomes
Df of
. . 3.9
Dt |, = ot t (VI (3.9)

since the rate of change of a fluid element’s position at a certain position and
time is the flow velocity at that position and time. To maintain notational trans-
parency we will from now on drop the label g from the convective derivative.

As examples let us consider how we can calculate flow velocity (which is
the rate of change in time of spatial position as one moves with a fixed fluid

element) — this is
Dr

Dt
and flow acceleration (which is the rate of change in time of flow velocity as
one moves with a fixed fluid element) — this is

D 0

D—?za—?—l—(u-V)u:a—k(u-V)u, (3.11)
[cf. (1.43)]. It is clear, then, that Du /Dt can be non-zero even in steady
flows. In a steady flow, if the direction of the flow velocity changes, then a
fluid element has to accelerate in order to follow the twists and turns of the
flow pattern.

=(u-V)r=u, (3.10)

Consider a 2-D flow describing a fluid in uniform rotation at angular veloc-
ity ©, so that in Cartesian coordinates

u=(—Qy, 0,07 . (3.12)

Since du /0t = 0 (as the flow is steady), the flow acceleration is

B 0 0 T
(u-V)u = ( Qy o + Qz 8y> (— Qy, Qz,0)
= —0%z,y,0) = -Q%r. (3.13)

This is just the centrifugal acceleration Q2 directed towards the rotation axis.

Constant along a streamline

In a steady flow, the rate of change of some scalar-valued fluid quantity f(r)
following a particular fluid element is just (w - V) f. Thus the relation

(u-V)f(r)=0 (3.14)
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implies that in a steady flow f is constant along a streamline. Of course, f
may take different values on different streamlines; f is not necessarily constant
throughout the flow.

Constant for a fluid element

Similarly, the relation

Df]()tt, r) _ Bf(;t, r) . (w-V)f(t,r) =0 (3.15)

for some scalar-valued fluid quantity f(¢,r) implies that f is constant for a
particular fluid element, i.e., constant along its particle path. Of course, f may
have different values for different fluid elements.

3.1.2 Balance equations

One of the unifying concepts in theoretical physics is the observation that dy-
namical interactions between two coupled physical systems are best described
in terms of the exchange of physical quantities that flow from one system to
the other, or vice versa. Let us discuss this issue on a more abstract level.

Let X represent a physical quantity whose magnitude scales with the volume
(i.e., size) of a physical system. This is to say that the value of X doubles
when the volume of the system doubles. A physical quantity with this prop-
erty is referred to as extensive.! It distinguishes itself through the feature
that it can form densities with respect to volumes and current densities with
respect to surfaces. Note that extensive quantities can be scalar-valued or
vector-valued. Examples of scalar-valued extensive quantities are mass, elec-
tric charge, particle number, energy or entropy, while examples of vector-
valued physical quantities are linear momentum or angular momentum.

Let us consider in Euclidian space R? a volume G, which is bounded by a
closed surface 9G. By assumption, this bounding surface shall be fixed in
time. Then, if X is an extensive physical quantity, the

Rate of change
in time of the ( Current Iy > ( Generation rate ¥ x )
)

amount of X of X into G of X inside of G
inside of G
stating that for X the
Balance equation:
dx
— =17 by 3.16
dr x +2x ( )

Physical quantities, on the other hand, that do not have this property are referred to as
intensive. Examples of intensive quantities are mass density, pressure or temperature.
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holds. Now if for a scalar-valued X we introduce as differentiable functions
of time and spatial position the scalar-valued X—density px = px(t,r), the
vector-valued X—current density ]X = jx (¢, r), and the scalar-valued X -
generation rate density pxgen = pPx,gen(t,7), then the balance equation
(3.16) for X can be rewritten in the integral form

S [oxav=—[[ ixnaas [[[ pxgmav. @)

with n denoting the outward-pointing unit normal to the closed surface 0G.
The minus sign of the flux integral on the right-hand side arises because we
record the current Iy that flows into the volume G. If we now employ GauR’
integral theorem (2.32) to this flux integral, and then bring all terms in the
equation to one side, we get the balance equation for X in the form

0
///[ pX+V Gx = Pxgen | AV .

Note that, as we assumed G to be fixed in time, we are allowed to pull the
total time derivative through the volume integral sign; consequently under the
integral sign this time derivative becomes a partial time derivative.

Now since our balance equation must hold for any arbitrary volume G of R3
that is fixed in time, it is the integrand in the expression we just derived that
must vanish identically. We thus find the differential form of the balance
equation for X to be given by

aPX

e +V -Jx = Px,gen - (3.18)

It should be pointed out that when X is a vector-valued extensive physical
quantity, then an analogous balance equation can be formulated in terms of a
vector-valued X —-density, a tensor-valued X—current density, and a vector-
valued X —generation rate density.

Remark: If for a specific physical quantity X empirical results show that the
X—generation rate density px gen IS identically zero (such as for mass, electric
charge, energy, linear momentum and angular momentum), then (3.17) and
(3.18) are referred to as continuity equations or conservation equations.

Physical dimensions:

Xl
[length]?

[X]
[length]?[time]

[X]

e = fenginime]

[px] = [Ix]=

3.1.3 Conservation of mass

In this course we will not deal with exotic fluids which spontaneously gener-
ate or destroy material, and, for the moment, we are not concerned with any
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regions with sources or sinks of materials (e.g., taps and plug-holes). In these
circumstances, using the concepts just introduced in subsection 3.1.2, we will
derive a very important relation which will often be applicable, regardless of
the type of fluid under consideration.

The mass of fluid within a closed surface G bounding a fixed volume G is
given by m = [ [ [, pdV, where p(t,r) is the mass density. The rate of
change in time of this mass is then

/ / / 9 ay (3.19)

If no matter is created/added or destroyed/removed within G, then this rate of
change can only be due to fluid moving across G. The net mass inflow rate
is — [ [, pu - dA, since dA points outward from the volume. As this must
balance dm/dt, it follows that

/// apdV+//aGpu-dA:0. (3.20)

Using Gaul?’” integral theorem (2.32) thus gives

///[_J“V )}dVZO, (3.21)

and, since the volume we choose to integrate over is arbitrary and we assume
that the fluid variables are continuous, it follows that

9p
EJFV (pu) =0 (3.22)

The Leibniz rule of differentiation shows V - (pu) = u- Vp+ p(V -u), and
when we employ the definition of the convective derivative given in (3.5), we
get in the Lagrangian description

Dp

Di +p(V-u)=0. (3.23)
This [or in the form (3.22)] is the equation of conservation of mass, also
known as the continuity equation.

3.1.4 Incompressibility

Consider a fixed, closed surface 9G in a fluid, with outward normal . As
the fluid flows, some parts of G will have fluid entering, and other parts
will have fluid exiting. The volume of fluid leaving through a small surface
element ndA in unit time will be u - ndA, giving us the volume flux of
fluid through dA along its normal direction (remember velocity times area
has physical dimension [volume] [time] !, i.e., volume flux, and we are only
interested in the normal volume flux). So the net volume rate of fluid that is

leaving 0G is
// u-ndA. (3.24)
G
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For an incompressible fluid this must be zero (one cannot squeeze any more
material into dG), so, using GauR’ integral theorem (2.32), we conclude that

///GV-udV:O. (3.25)

This must be true for all possible volumes G in the fluid. Hence, we can
conclude that

V.-u=0. (3.26)

This is the incompressibility condition, and it is widely applicable to fluids
(viscous or inviscid). Most of this course studies fluids for which this condition
is true. Note that from (3.23) it follows that for incompressible fluids

Dp

= 27

(employing the Lagrangian description).

3.1.5 Pressure force

In a static fluid (i.e., when uw = 0), for every fluid element the force per
unit area that it feels due to the molecular mechanical interactions with its
neighbours has the same magnitude in all directions, or, in other words, it is
isotropic. We identify this force per unit area with the fluid’s mechanical
pressure, also known as normal stress. This observation is the basis of Pas-
cal’s principle:

Pressure applied to an enclosed fluid is transmitted
undiminished to every portion of the fluid and to the
walls of the containing vessel.

Consider a surface element n dA where n is the unit normal to the surface
element. Since the pressure is isotropic, the pressure force is in the normal
direction:?

pndA. (3.28)

This is the force on the fluid in the direction of n.

Now consider a closed surface G enclosing a blob of fluid. The pressure ex-
erted by the surrounding fluid across a surface element dA of G is —pndA
because, by convention, we choose the normal to point outwards from the sur-
face 0G. Remember that at the surface element there are equal and opposite

2Typically we will want to denote the mechanical pressure by P, and thus distinguish it from
the thermodynamical pressure, p. However, for static fluids (when w = 0), incompressible
fluids (when V¥ -« = 0), or inviscid fluids the two are identical.
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forces on the fluid on either side of the surface element. So the net force on the
fluid blob is found by integrating this force over its entire surface. Thus,

_/AGpndA:_///c;vpdv. (3.29)

If Vp is continuous, then it will be approximately constant over the volume of
the blob, provided that the blob is sufficiently small. We can then deduce that
the net force felt by a small fluid volume dV (as exerted on the blob by the
rest of the fluid) will be — VpdV'. Alternatively, the pressure force per unit
volume is

F,=-Vp. (3.30)

Above we used the identity

//6G¢ndA:///GV¢dV, (3.31)

which can be proved from Gaul®’ integral theorem (2.32), starting from the
vector ¢ a, where a is some constant vector.

3.1.6 Hydrostatics and Archimedes’ principle

For fluids in a gravitational field (as on the Earth where it is effectively con-
stant) each fluid element is also acted on by a gravitational force. This is an
example of what is called a body force since it acts throughout the body of the
fluid, not just on its edges (such as surfaces). If the (constant) gravitational
acceleration is g, then the gravitational force per unit volume, for a fluid of
mass density p, is

F,=pg. (3.32)
This is like the gravitational force m g on a point particle of mass m.
For a fluid that is static (i.e., w = 0), consider a small volume of fluid, dV'.
The sum of all forces acting on it must be zero, i.e., the pressure force per

unit volume and the gravitational force per unit volume must balance. This
requirement thus leads us [ by equating (3.30) and (3.32) ] to the

Equation of hydrostatic equilibrium:

F,+F,=-Vp+pg=0. (3.33)

It shows that the pressure increases in the direction of g. It also follows that
the denser the fluid, then the higher the pressure gradient, and that any hor-
izontal plane in the fluid is a surface of constant pressure. We can integrate
the equation of hydrostatic equilibrium by using the scalar-valued Newtonian
gravitational potential ® defined by g := —V ®, and if in Cartesian coordi-
nates g = —ge,, g = constant > 0 (with the z—axis pointing upward), then
® = gz So, assuming constant mass density (such that the fluid is incom-
pressible),

—Vp—pVO®=—-V(p+p®)=0, (3.34)
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which, in component form, can be written as
Op Op 0
F_ P - =0. 3.35
95—y 5, P+ r9z) =0 (3.35)
It follows that p is independent of z and y, and that
p+ pgz = constant . (3.36)

Alternatively, suppose there is a single body of fluid. Then at two different
heights within it, z; (where the pressure is p1) and zo (where the pressure is
p2), we have the following relationship:

pPL+pgzi=pr+pgzo. (3.37)

This is sometimes expressed as

p2—pL=pgh, (3.38)

where h := 21 — 29 is the difference in height within the fluid between the two
positions z; and zs.

Now we move on to the situation of a body which is totally immersed in a
static fluid in a uniform gravitational field. For simplicity we assume again
that the fluid has constant mass density. The body shall displace fluid in a
domain G, of total volume V', which is enclosed by a solid surface 0G. The
total pressure force acting on the body, the buoyant force F', can be found by
integrating the pressure over the surface of the body, and we can use the same
procedure as above to turn this into a volume integral over the volume of the
fluid displaced by the body:

F, = —//aGpndA (3.39)
S / / /G Vpdv (3.40)
- _///Gpgdv (3.41)

= pVye., (3.42)

with V the total volume of G. Here we have used the equation of hydrostatic
equilibrium and the constancy of p and g over G. This result states that:

The pressure force (buoyant force) on an immersed
body is equal and opposite to the total force of gravity
acting on the displaced fluid.

This is the well known Archimedes’ principle, named in honour of the ancient
Greek philosopher Archimedes (287BC-212BC).
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3.2 ldeal fluids

When making mathematical models for describing natural phenomena, it is
always helpful to simplify, and in fluid dynamics the greatest simplification is
to assume that the viscosity is zero: this is the basis for what is called an “ideal
fluid”. One of the ways to characterize such a fluid is as “dry water” (1), which
shows that ideal does not mean realistic!

An ideal fluid has the following properties:

e The only force exerted across a geometrical surface element n d A within
the fluid is the (mechanical) pressure force

pndA, (3.43)

where the pressure p is a scalar-valued function independent of the unit
normal n. It follows that an ideal fluid is inviscid. (The force is exerted
on the fluid into which n is pointing.)

e The fluid is isothermal, i.e., the scalar-valued temperature 7' is indepen-
dent of time ¢ and the same for all fluid elements, so T' = constant.

We emphasise that in our applications in this course of ideal fluids we will
regularly make the additional assumptions that:

e The fluid is incompressible, so that no finite sized fluid blob changes
volume as it moves with the flow.

e The fluid has constant mass density, i.e., it is independent of time ¢ and
the same for all fluid elements, so p = constant.

3.2.1 Euler’s equations of motion

We wish to derive equations of motion applicable to an ideal fluid which is
incompressible and has constant mass density. We are quite familiar with the
equation of motion for a point particle of constant mass (e.g., tennis ball) that
is derived using Newton’s equations of motion (or conservation of linear
momentum): the rate of change in time of the particle’s linear momentum
equals the force (momentum current) acting on it; frequently this is turned into
“force equals mass times acceleration”, as stated in (1.2). But in the case of
a fluid we must consider the motion of the same Lagrangian blob of fluid. In
other words, we have to consider a blob given by a small volume of fluid, dV/,
and it is this which is analogous to a particle. The flow acceleration felt by this
blob is then derived using the convective derivative to find the rate of change
in time of the blob’s flow velocity as it moves with the fluid. We have just
found an expression for the force on a blob of fluid due to pressure variations
in a fluid. If the only other body force is gravitational (g, force per unit mass),
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the equation of motion for a blob of fluid, of mass density p = constant and,
hence, of constant mass pdV, is

D Du

D—t(pudV) _pdVD_t =(—Vp+pg)dV, (3.44)
(employing the Lagrangian description). Thus, the motion of an incompress-
ible ideal fluid is described by the two equations known as

Euler’s equations:

Du 1
= —_Vp+ 3.45

V-u = 0, (3.46)

which the Swiss mathematician Leonhard Euler (1707-1783) derived in 1755.

If one orients the z—direction of a Cartesian reference frame “upwards”, then
near the surface of the Earth the gravitational acceleration is g = (0,0, —g),
g = constant > 0. But as (Newtonian) gravity is a conservative force, the
gravitational acceleration may be expressed as the gradient of a scalar-valued
gravitational potential @,

g=-Vo. (3.47)
Thus, with p = constant and (3.5), (3.45) can be written as
ou P
b . = — S4+9) . A4
5 +(u-V)u V<p+ > (3.48)

A further algebraic manipulation is possible: using the vector analytical iden-
tity

(V-V)V=3V(V-V)+(VxV)xV, (3.49)
[cf. (2.30) ], together with the definition w := V x u of the fluid vorticity,
Euler’s momentum equation (3.45) can finally be written in the form

B—u—lrwxu:—V(%uQJrng(I’); (3.50)
ot P

here we also employed the definition u? := w - u for the squared flow velocity
magnitude.

3.2.2 Bernoulli’s streamline theorem

When we deal with a steady flow (so that du/0t = 0), Euler’s momentum
equation (3.50) reduces to

wXu=—-—VH; (3.51)
the quantity H is called the specific gravito-enthalpy? and is defined as
H::%u2+i—j+¢. (3.52)

3More precisely, the specific gravito-enthalpy is H = % u® + e+ p/p+ ®, where ¢ is the
specific internal energy of the fluid due to internal molecular motions and forces. However, as
we implicitly assume e = constant, we can safely neglect it here.
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Its physical dimension is [velocity ]2 = [length]?[time]~2, and so it has SI
unit 1 m? s—2,

Now taking the dot product of (3.51) with w, the left-hand side becomes iden-
tically zero and we obtain

(w-V)H =0. (3.53)

We have thus proved for steady flow Bernoulli’s streamline theorem, which
can be expressed by

Bernoulli’s equation:

H= %uQ + P + ® = constant along streamline . (3.54)
P

This is a relation of fundamental practical importance. It is named after the
Swiss mathematician, physician, and physicist Daniel Bernoulli (1700-1782).

In words Bernoulli’s streamline theorem states:

If an incompressible ideal fluid is in steady flow,
then the specific gravito-enthalpy H is constant along
every streamline.

Note that different streamlines can have different values of H associated with
them.

3.2.3 Bernoulli’s streamline theorem for irrotational flow
If the flow is steady and irrotational, so that in addition to du/dt = 0 also

w = 0 holds, then (3.51) reduces to VH = 0. In this case, the specific
gravito-enthalpy H is independent of position and time, i.e.,

H=1u+ P L & — constant . (3.55)
p

In words:

If an incompressible ideal fluid is in steady,
irrotational flow, then the specific gravito-enthalpy H
is constant throughout the fluid.
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3.2.4 Example: fluid streams

One of the simplest inviscid flows is that of a stream of fluid (such as water)
flowing through a stationary fluid with which it does not mix (such as air).
Consider water running from a tap:

(If you do this experiment, keep the
rate of flow quite slow, otherwise var-
ious ripple instabilities disturb the sur-
face of the flow; you need to have
a smooth (laminar) and cylindrically
symmetric flow.) The water leaves
the tap at position z; with a speed
u; as a circular stream of diameter
di. As the water falls subject to a
constant gravitational acceleration, g,
the stream speeds up and gradually
narrows. Eventually the stream be-
comes so thin that surface tension
forces (another fluid force; one that
we have not discussed) become im-
portant and the stream breaks up into
a series of droplets. The stage be-
fore breakup can be described using
Bernoulli’s streamline theorem as ap-
plied to the central streamline of the
water stream.

Choosing a lower position zo in the stream and labelling quantities there by
“2” we have

2 2
%+&+922:ﬂ+&+g21. (3.56)
2 P 2 p

The position of the surface of the stream, which does not move, is based on
pressure balance between the pressure in the water and the pressure of the
surrounding air. Thus the values of the pressure in the water at the centre of
the stream is the same as the pressure of the atmosphere at the same height
z, i.e., p(z) = patm(z). We are assuming that radial acceleration of the water
stream is negligible, and that surface tension is not important. Thus the values
of pressure in the water at positions 1 and 2 are related by the equation of
hydrostatic equilibrium for the atmosphere (with p(z) = patm(2)), giving

P2 + Patm 9 722 = P1 + Patm 9 21 , (3.57)

where p.m 1S the mass density of the surrounding air which we can assume to
be constant. Substituting, we find for the fluid speed at position 2

ui = u%+2<%+gz1—%—gz2> (3.58)

u? +2g (21 — z2) (1 - pa‘%) : (3.59)
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Bernoulli’s equation thus shows how the fluid speed increases with the dis-
tance (21 — z2) from the tap. Because the mass density of air is much less than
that of water, i.e., patm/p ~ 1073 < 1, it is a good approximation to write

us = ut +2g (21 — 2) . (3.60)
The diameter of the stream of water can be found by applying mass conser-
vation to the steady flow between positions 1 and 2: the mass flux of fluid
through a circular cross section at z; must equal that at zo:

wd2 wd?
puz Ay = pui Ay = pus (f) =puy (Tl) . (3.61)
Therefore,
dy = dy /2
U
ul 1/4
d L . 3.62
1<U%+29(21—22)) (3.62)

The diameter only varies slowly with increasing distance from the tap.

3.2.5 \Vorticity equation

In (3.50) we already wrote Euler’s momentum equation for an incompressible
inviscid flow in the form

%—':+wxu:—VH. (3.63)

Now taking the curl of this equation gives (as the order of Vx and 9/0t does
not matter in Euclidian space, R3)

%—j—l—Vx(wxu):O. (3.64)

Then, when we apply the vector identity (2.29), we get
ow

— 4+ (u-Viw—(w-V)u+w(V-u)—u(V-w) =0, (3.65)
ot —_————t ~—
Vau=0 divcurl=0
ie.,
86—‘: +(u - Viw=(w-V)u, (3.66)

or, employing the convective derivative defined in (3.5) (and so the Lagrangian
description),

Vorticity equation:

— =(w-V)u. (3.67)
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As we will see later, this is equation is very useful. It is worth noting that it
is a relationship only between u and w (i.e., V x w); the pressure has been
eliminated.

In the case of a 2-D flow, where u = (uy(t, z,y),uy(t,z,v),0)” in a Carte-
sian coordinate system, it follows that

w = (0,0,w,)T . (3.68)
Then the right-hand side of the vorticity equation becomes

ou

. — W, — = 3.69
(W Vu=w, =0, (3.69)
and so it follows that
Dw
5, =0 (3.70)

In other words:

For two-dimensional flow of an incompressible ideal
fluid, subject to a conservative body force, the vorticity
w of each individual fluid element is conserved.

We can go further. When a 2-D flow is steady, (3.67) reduces to
(u-Viw=0, (3.71)

or, in other words:

For two-dimensional, steady, flow of an
incompressible ideal fluid, subject to a conservative
body force, the vorticity w is constant along a
streamline.

This conclusion is important since it explains why the assumption of irrota-
tional flow is so useful, especially in aerodynamics. In the steady flow of
air over an aerofoil, the flow is approximately 2-D, and, provided that there
are no regions of closed streamlines, all the streamlines can be traced back to
“spatial infinity” (e.g., z = —o0). In other words, all the streamlines originate
in a region of uniform flow, which has zero vorticity. Thus, from the above
conclusion, the vorticity will be zero throughout the flow.
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3.2.6 Boundary conditions for ideal fluids

The flow of an ideal fluid is inviscid, so that the only force that a boundary
can communicate to the fluid is along the normal direction to the boundary
surface given by the unit vector n. Now if the boundary is impermeable (does
not let any fluid through), then the boundary forces must prevent any such flow
normal to the surface. Hence, an ideal fluid “slips” over a boundary without
any resistance. It is this effect that leads to the strange way of describing an
ideal fluid as “dry water”. In the present case we speak of a “flow slip” bound-
ary condition.

For an ideal fluid, the flow velocity at a boundary is
tangential to that boundary, and the normal
component of the flow velocity at the boundary must
equal the normal component of the velocity of the
boundary itself.

If the boundary is at rest, then u - n = 0; if the boundary moves at velocity v,
then (u — v) - n = 0. These are called the kinematic boundary conditions.
It follows that streamlines are tangent to any boundary surfaces.

3.3 Viscous fluids

In reality all fluids do have viscosity. (Water is wet!) We have already intro-
duced viscosity as the tangential stress (i.e., force per unit area) that resists
any shearing of the fluid velocity. However, not all fluids have the same kind
of viscosity; their chemical and physical properties mean they react differently
to shear.

Newtonian fluids have a viscosity that is linearly related (directly propor-
tional) to the velocity shear, so that for a shear flow u = (uz(y),0,0)"
in a Cartesian coordinate system the shear stress 7 (which acts in the z-
direction) is

T=pU duy, ; (3.72)
dy
u is the coefficient of shear viscosity. We also introduce the quantity
v=H , (3.73)
p

which is known as the coefficient of Kinematic viscosity.

Non-Newtonian fluids show a different, typically non-linear, behaviour. For
example, some have a viscosity which gets smaller when the shear is very large
(e.g., non-drip paint).
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3.3.1 Boundary conditions for viscous fluids

Observations of viscous flow around obstacles reveal that the “flow slip” bound-
ary condition of an inviscid fluid (i.e., that the flow velocity is everywhere tan-
gential to a boundary surface) is not applicable. In fact, for viscous fluids the
flow velocity is actually zero on the boundary.

At a rigid boundary both the normal and tangential
components of the flow velocity are equal to those of
the boundary itself. If the boundary is not moving,
then the flow velocity is zero.

This is called the “no slip” boundary condition, and holds for any fluid with
viscosity, however small that viscosity may be.

3.3.2 Boundary layers

In a viscous fluid, where there is some flow, it is observed that there is a
thin region adjacent to an obstacle where the flow velocity changes smoothly,
but rapidly, to zero (not just its normal component). This boundary layer
arises because the velocity gradient is highest right next to the obstacle, and,
therefore, viscous stresses will be most important. Further from the obstacle,
the velocity gradients are smaller (determined largely by the size of a sys-
tem/obstacle), and so viscosity plays a smaller role; in those regions the flow
can be approximated by assuming it is inviscid.

The existence of boundary layers might be thought a convenient way to treat all
flows in the inviscid limit. But a boundary layer is a region of fluid with shear
and as such feels forces just as other regions of the fluid. And if the pressure
forces are in the “wrong direction”, it is possible for the boundary layer to
separate from the obstacle. This leads to behaviour completely different from
inviscid flow, and in particular to the formation of a wake behind an obstacle
in a flow. The wake consists of turbulent eddies of streamlines that close on
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themselves, so that the usual assumption of irrotational flow throughout the
fluid is also inapplicable.

If the above seems too negative for the ideal fluid approach, then it should
be said that the latter does have notable successes. A particularly prominent
example is the lift produced by steady flow over an aerofoil. But even here
it could be noted that one of the main goals of an aircraft wing designer is to
minimize the wake and the turbulent flow near the ends produced by the wing;
these features can never be completely prevented.

3.3.3 Navier-Stokes equations of motion

Here we state the equations of motion governing the flow of an incompressible
viscous fluid of the Newtonian kind with constant mass density p and con-
stant shear viscosity u (kinematic viscosity v); we will be deriving these more
generally later in chapter 6. We have (in the Lagrangian description)

Navier-Stokes equations:

D 1
V-V = ~ -ty (3.74)

Dt
Vu = 0. (3.75)

These equations of motion were first obtained in 1822 by the French physicist
Claude Louis Marie Henri Navier (1785-1836), and later rederived indepen-
dently in 1845 by the Irish mathematician and physicist George Gabriel Stokes
(1819-1903). Note that the difference between the Navier—Stokes equations
and Euler’s equations for an incompressible ideal fluid is the second-order
derivative term v (V - V).

3.3.4 Reynolds number

The Navier-Stokes momentum equations (3.74) have a number of terms,
and we can characterize the relative importance of the so-called inertial and
viscous terms, (u - V)u and v(V - V)u, by introducing the dimensionless
number

UL
=—

R: (3.76)
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This is called the Reynolds number after the Irish mathematician and physis-
cist Osborne Reynolds (1842-1912). Here U is a typical flow speed, and L is a
typical length scale in the flow over which the fluid quantities vary. The crucial
term here is “typical”, by which we mean an order of magnitude estimate only,
so that the ratio U/ L gives a measure of the velocity gradients.

Then we get the estimate:
|inertial term|  O(U?/L)
|viscous term | O(vU/L?)
In other words, when the Reynolds number is large, the inertial term (the con-

vective, sloshing nature of the fluid) is dominant; when the Reynolds number
is small, the viscous, treacly aspects of the fluid are dominant.

= O(R). (3.77)

In high Reynolds number flows viscous effects should be mostly negligible.
The exception is at a boundary layer, where, by definition, the length scale is
such that the Reynolds number as calculated for the boundary layer is no
longer large, and viscous effects are important. A high Reynolds number is
necessary for inviscid theory to be valid, but further conditions must be met,
e.g.: no separation of boundary layers, no turbulent flow or flow instabilities.

In low Reynolds number flows viscous effects are dominant, the fluid’s inertia
is negligible, and the fluid will stop flowing almost immediately after being
given an impulse. There will be no signs of turbulence in such flows, and
obviously no distinction between a boundary layer and the main flow region.

3.3.5 Example: steady viscous flow between fixed parallel plates

Several examples of incompressible viscous flow will be given later in chap-
ter 7, after the formal derivation of the Navier—Stokes equations in chapter 6.
But one straightforward example will be given here.

One-dimensional flow

This is a particular situation where a number of different problems can be
solved. In Cartesian coordinates one takes the flow velocity, e.g., as v =
(ug,0,0)T. The incompressibility condition V - u = 0 implies du,/dz = 0,
and, hence, the inertial term in the Navier-Stokes momentum equations,
(u - V)u, is zero (so that the non-linearity drops out of the equations). In the
absence of body forces the Navier-Stokes momentum equations can then be
written as the linear partial differential equations:

du, 1 9p Puy | Oug
o _% _, (3.79)

oy 0z
The latter implies that p is independent of y and z. Rearranging the former, we
get

2 2
Op —u (3 uy; O uw) _ Oug (3.80)

oz a2 " o2 ) Pt



56 MAS209: Fluid Dynamics 1997 — 2002

Note that the right-hand side only contains the velocity component u,, as de-
pendent variable. Now consider again the incompressibility condition:

Vw2 g, (3.81)
oz
Thus, u; must be independent of z, and it follows that the right-hand side
of (3.80) is also independent of z.

On the other hand, p, and hence the left-hand side dp/dx of (3.80), in addition
cannot depend on y and z. Thus, it follows that the only remaining allowed
dependence is on t:

dp

— = 3.82

o G(t), (3.82)
where G(t) is some function of time.

Steady flow between fixed parallel plates

We now consider flow in the z—direction between plates parallel to the z—z
plane (i.e., planes with y = constant), and, by symmetry, we assume that there
also is no variation in the z—direction.

For steady flow we must have that the function G(¢) is just a constant, k:

@ . Puy

= Pgp =k (3.83)

In other words, there is a constant pressure gradient which drives the flow. For
the fluid pressure itself we thus get

p=po—kz, (3.84)

while the z—component of the flow velocity is

k 2
wy =D+ Cy— 2 (3.85)
2p
with D and C' constants.
Consider further parallel plates at elevations y = +h and y = —h. The

boundary condition for viscous fluid is the so-called “no-slip” condition, i.e.,
uy, = 0 aty = +h. Thus we can solve for the constants of integration,
yielding:

2
C=0, D= kh” . (3.86)
2p
Hence, the final solution is given by
k
u = (ug,0,0)T, ug(y) = ﬂ(hQ —1?). (3.87)

Note that the flow velocity is proportional to the amplitude of the pressure
gradient, &, and the profile of the of flow perpendicular to the flow is parabolic.



Chapter 4
Analysis and classification of fluid motion

4.1 Analysis of fluid motion

The aim is to classify the various types of fluid flow according to the geometri-
cal distortion that they imply for any pattern of tracer particles introduced into
the flow. If we consider the evolution of a dyed blob of fluid, it will not only
be swept along with the flow, but will also suffer expansion (compression),
shear and rotation due to the differential velocities across the blob.

We begin by examining the relative motion of fluid near a point, since we are
not concerned at the moment with the mean flow. Suppose there is a short fluid
line element di with ends initially at 7 (the reference position) and 7 + dl.
Then the rate of change of this line element, whose ends move with the fluid,

is
Ddl

Dt
which is just the velocity difference (dl - V)u between the ends of the line
element. Note that the ends of the line element are specified using Eulerian
coordinates.

=u(ro+dl) —u(rg), 4.2)

Therefore, in Cartesian coordinates,

<D—t)w = dlys " + dzya—y +dl, 5 4.2)

which says that the rate of change in time of the z-component of dl depends on
the change of u,, and this may change with each of the z, y or z coordinates.

We can thus write down a matrix relating the vector Ddl/Dt¢ with d,

Jug Ouy  Oug

DAL _ [ G, on du, | g 13
o= | & & : (4.3)

Ouz Ou, OJug

ox oy oz

57
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In index notation this matrix it is the transpose of the matrix with elements

ou; .

U5 = sz 3 1, € {x,y,z} ; (44)
which can be split into a sum of a symmetric matrix and an anti-symmetric
matrix: 5 5 5 5

1 U U 1 U U

i = = = — . 4.5
Wi =g <3xi + ij> + 2 <3xi ij> (4.5)

symmetric: §;;  anti-symmetric: w;;

4.1.1 \Vorticity

We consider first the anti-symmetric matrix. Let us write it in the form

0 wiz —ws]
wij=| —wiz2 0 wa3 , (4.6)
w31 —wo3z 0
so that in Cartesian coordinates wi = l(% — Ouay
2\ O dy

We have already seen (at least in 2-D) that an anti-symmetric matrix corre-
sponds to a rotation. It turns out that operating on dl with w;; is equivalent to
taking the cross product of d with a vector composed of the elements of w;;,
i.e.,

Ddi; Ddl
Dt’L — zj:wijdlj = D—t = — (LO23, w31, w12) x dl . (47)

But from the definition of the elements of w;; we see that this vector is just
%V x u. Remember that we have defined the vorticity as w := V x u, S0
that the effect of w;; on dl is just solid body rotation at a rate %|w|. Hence, we
can alternatively write w = 2(we3, w31, w12).

To emphasize that vorticity is a measure of local spin, rather than global rota-
tion, consider a 2-D azimuthal flow (i.e., circular streamlines) with

Uy = — , (4.8)

where g is a constant. Applying the curl operator in cylindrical polar coor-
dinates given in (2.14), we find that V x » = 0, i.e., the flow is irrotational,
even though the fluid is clearly circulating around the z-axis.

In a given fluid region the circulation of the flow velocity » around a closed
curve 95 with infinitesimal tangent vector dl is defined as the line integral
[cf. (1.25)]

F::jgsu-dl. (4.9)

With Stokes’ integral theorem (2.33) we could write this as

I‘://S(qu)-dA://Sw-dA, (4.10)
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where S is any surface entirely in the fluid that is spanned by 9S. This might
be interpreted as meaning that flow which is irrotational (w = 0) will always
result in zero circulation. (Think about the flow above with u, o< 1/r.) But
here care must be taken that there are no obstructions which prevent the surface
S being entirely in the flow region. The surface S must be simply connected.

For example, the 1/r rotation implies a singularity at the origin, therefore
the origin must be excluded from the flow domain, so that there is an inner
boundary, e.g., at r = a. Thus the circulation around a circular path around
the origin can be non-zero, even though the flow is irrotational! The same
argument applies to 2-D irrotational flow around a wing (where the circulation
is intimately associated with the lift force felt by the wing).

So, we have an important result:

When there are obstacles in the flow, then the
circulation around the obstacle can be non-zero, even
when the vorticity is everywhere zero.

If we wish to use Stokes’ integral theorem (2.33) when there are obstructions,
then we must consider paths that exclude the obstructions.

In this case
I' = uy(R)27R — uy(a)2ma =0, (4.11)

if u, oc 1/r, as expected.

4.1.2 Rate of strain tensor

We now return to (4.5) to consider the symmetric part of w5, i.e., ;;, which is
known as the rate of strain tensor.

We have seen, at least in 2-D, that matrices representing pure shear have zero
trace. Therefore we can make 6;; trace-free by subtracting (with respect to a
Cartesian coordinate basis of R?)

1 1

S O =
O = O
- o O
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In this expression g denotes the matrix with components g;; := e; - e;, 4,7 =
1,2,3, formed from the scalar products of a set of coordinate basis vectors
{e1, e2, e3 } of R? (thus, for a Cartesian coordinate basis we just have g;; =
d;j). Moreover, from the definition of the elements of 8;; we see that the ex-
pansion (compression) scalar 6 is

0= TI‘(QZ]) =V-u 3 (4.13)

so that we can write
1
eij =0+ g Ogij s (4.14)

where we have decomposed the rate of strain tensor into

e 0;;, the shear tensor — symmetric and trace-free, and

. % 6 g, the dilatation matrix — diagonal.

As might be expected from our 2-D example, the dilatation matrix is related
to the volume change (expansion or compression) in the flow. Consider a
Lagrangian fluid element (one that moves with the fluid), of volume §V'.
The total mass pdV within it will remain constant as it moves along with the
fluid, so

D(pdV)
Dt =0, (4.15)
hence
Dp DoV

But recall that we have the mass conservation equation

dp
= . = 4.17
otV (ow) =0, (4.17)
or, equivalently,
Dp
D—t——pV-u. (4.18)
Thus it follows that
DOV) _ (v w)sv =04V . (4.19)

Dt

In other words, the volume strain (rate of change of volume of a fluid element
moving with the fluid, per unit volume) equals the divergence of the flow veloc-
ity. The obvious implication is that in an incompressible flow 8 = V - u = 0.
We have already come to this conclusion by a more direct route.

We now finish with the analysis of possible fluid motions by examining the
effect of the rate of strain tensor 0;; on the vector dl. The result is a vector
whose i-th component can be written as > 0;;dl;.
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Taking the curl of this vector, V x (6;;dl;), we obtain in index notation (and
employing the Einstein summation convention that we sum over repeated in-
dices) that

1
€ijk 0j(Opdl)) = 5 Cijk 0;[ (Oyug, + Opuy) Al ]

1
= 5 €ijk [8j8luk di; + Bjakul di; + 20y, (5]'1]

1
= 5 dll 8l(eijk8juk)

1
= 5 dll 8lwi ; (4.20)
where ¢;;;, denotes the totally anti-symmetric symbol for which €193 = — €213 =

1 and cyclic permutations thereof, and zero otherwise. The relation we derived
means that the curl of the vector 6;;dl; only vanishes when the vorticity is in-
dependent of position or zero altogether. Note that in deriving this result we
used the fact that partial derivatives commute (0;0; = 0;0;), and that, as the
line element di; is just a vector of position coordinates, 0;dl; = d;;. Thus, e.g.,

€ijk 0101 = €k Ojk = 0, (4.21)

because 65, is symmetric, but e;;, is totally anti-symmetric, so when summing
over two of the indices the result left is a zero i-component.

When the vorticity is position-independent or zero, it follows that the new
vector 0;;dl; can be written as the gradient of some scalar potential function
¢, which turns out to be (remember the summation convention):

1
¢ = 303dlidl; . (4.22)

4.1.3 Summary

This analysis has put on a firm footing the concept that we can characterize
different flows according to whether they are irrotational (curl-free) and/or
solenoidal (divergence-free). From the above analysis it is clear that these cat-
egories of flow are not arbitrary, but reflect basic distinctions between different
kinds of distortions of the fluid flow.

Finally, when the vorticity of a flow is zero, we can write the vector equation
for the rate of change of the fluid line element as

o = Vé: (4.23)

in this case the potential gradient term with ¢ = %eijdlidlj contains the effects
of both expansion (compression) and shear.
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4.2 Classification of fluid flows

4.2.1 Irrotational flows

An irrotational flow satisfies w = V x u = 0, so that by the vector analytical
identity (2.25) we can express the fluid velocity as the gradient of a scalar
potential:

u=Vo. (4.24)

The velocity scalar potential ¢ at some point P is defined by

P
b= /O w-dl, (4.25)

where O is some fixed reference point. This turns out to be very useful, since it
is often easier to solve for a scalar quantity everywhere than a vector quantity.
The only problem is that the velocity scalar potential is single-valued only if
there are no obstructions in the flow. In a simply connected fluid domain the
scalar potential ¢ is independent of the path between O and P, and is thus
single-valued. In a multiply connected fluid region (e.g., a domain with an
obstruction), ¢ may depend on the path chosen from O to P so that it will be a
multi-valued function of position. It can be noted that the change in ¢ caused
by looping the path around an obstruction is just equal to the circulation
around that obstacle. This can be seen as follows: The circulation around any
closed curve C in the flow is

P:jiu-dlzﬁVq&-dl:[gb]c, (4.26)

where [¢]c denotes the change, if any, in the value in ¢ after one circuit around
C.

Velocity scalar potential: examples

o Uniform flow
u=(U,0,007, U =const,

is clearly irrotational (and solenoidal) and the velocity scalar potential is
o=Ux+k, (4.27)

where k is an arbitrary integration constant, which does not affect the
flow velocity.

e Stagnation point flow
u =ug(z,—y,0)T, = const,
is also clearly irrotational (and solenoidal), so we have

9% _ 0¢ 99 _

=0. 4.28
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Integrating these one finds

b= uola® ~ )+, (4.29)

where & is an arbitrary integration constant. In this case ¢ is a single-
valued function of position.

e Line vortex flow
u(r, @, z) = (0,up/r, O)T ,  ug = const, (4.30)

which is irrotational (and solenoidal), except at the origin where it is
not defined. As discussed above, the origin has to be excluded from
the flow domain. This means that the region is not simply connected
since closed curves which enclose the origin cannot be shrunk to a point
without leaving the flow domain. We integrate:

op 0 10¢  wup 0¢

= = — — = 4.31
or ’ rdp r’ 0z 0, (431)

so that
¢=1ugp, (4.32)

which is a multi-valued function of position. Any circuit which goes
once around the origin at distance » = a causes ¢ to increase by 2, and
hence the circulation round such a circuit will be ' = 27 ug. Thus all
circuits which go once around the origin will have the same circulation.

4.2.2 Incompressible flows

Incompressible flows have 8 = V - u = 0, and so by the vector analytical
identity (2.26) we can write in this case

u=V xB, (4.33)

where B is the velocity vector potential, in analogy to the case of the velocity
scalar potential.

2-D incompressible flows

In some geometries the velocity vector potential B has only one component,
and is thus particularly easy to deal with.

Consider a 2-D flow, in Cartesian coordinates, such that du/9z = 0. As-
sume we can write B = (0,0, B,)T where

0B 0B
Byz =g, a;: = —uy. (4.34)
One can check that this agrees with V - . = 0:
0’°B, B 0’B, Oug %

= =0. 4.35
Oxdy Oyox = or + oy 0 (435
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To understand the physical interpretation of B, consider a section, of volume
V', of a stream tube, where the section is bounded by two surfaces 1 and 2. (A
stream tube is defined by translating a closed curve everywhere in the direction
of the fluid velocity, so that the component of the velocity normal to the stream
tube surface is everywhere zero. The surface of a stream tube thus consists of
streamlines passing through the closed curve.)

By Gaul’’ integral theorem (2.32) applied to incompressible flow, we have

///VV'“dV://I“'dA—//QU'dAZO, (4.36)

since wu is necessarily everywhere tangent to the surface of the stream tube.
This implies that the volume flux [ [u - dA is constant for any surface span-
ning the stream tube. Then, by Stokes’ integral theorem (2.33), ¢ B - dl is
constant along the edge of any cross section. So, if there are two streamlines
(a and b in the figure), then, as B, = By = 0, it follows that the volume flux
per unit time per unit height in the z-direction is

//u-dA:fB-dl:Bz|a—Bz|b. (4.37)

Since we have already seen that this volume flux per unit height across the
stream tube is the same for any cross section, and equal to B,|, — B, it
follows that B, must be constant along a streamline. We can check this from

(u-V)B, = uz% + Uy 883;2 =0, (4.38)
because u, = 0B, /0y and u, = — 0B, /0x.
The function
Bz = BZ('Tay)

is then what is known as a stream function. In the case of 2-D Cartesian flows
it is called the Lagrange stream function .

4.2.3 Axisymmetric incompressible flows

Similar arguments can be made for the case of axisymmetric incompressible
flows, where, for cylindrical polar coordinates {r, ¢, z}, one has du/dy =
0. In this case, B = (0, By, 0)”, and so the stream function is

Y =rDB,,
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with B, = B,(r,z). For historical reasons, the function ¢ is now called
the Stokes stream function. It corresponds to the volume flux per unit time
through a circle with z = constant taking the value 27 1.
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Chapter 5

Irrotational flows of incompressible fluids

5.1 Irrotational and incompressible flows

5.1.1 Laplace’s equation

In this chapter we will concentrate on inviscid incompressible fluids, discussing
examples of flows that are irrotational. For an irrotational flow the flow ve-
locity can be written as the gradient of a velocity scalar potential ¢, defined
according to

u:=Vo; (5.1)

the physical dimension of ¢ is [length)?[time] %. On the other hand, for an
incompressible flow we have V - u = 0. Therefore, for a flow that is both
irrotational and incompressible, the velocity scalar potential must satisfy the
linear partial differential equation of second order

(V-V)p=0. (5.2)

This is Laplace’s equation, which is named after the French physicist and
mathematician Pierre-Simon Laplace (1749-1827). It has wide applications
throughout physics. For example, it provides the equation for determinat-
ing (Newtonian) gravitational or electrostatic scalar potentials outside, respec-
tively, isolated static mass or electric charge distributions (cf. the lectures on
MAS107 Newtonian Dynamics and Gravitation and MAS207 Electromag-
netism). There are different ways to solve Laplace’s equation, and we may
choose the method and solution types to match any particular fluid flow situa-
tion. Note that for problems of the kind discussed in this chapter we may use
Euler’s momentum equation to solve for the thermodynamical pressure and
the continuity equation to solve for the mass density, once a solution to (5.2)
(and so by (5.1) for ) has been obtained.

Since the flow is incompressible (as well as irrotational), one can also derive a
velocity vector potential B and a related stream function ) (cf. chapter 4).1
The definition of a stream function is provided by the condition

(u-V)p:=0. (5.3)

For example, given an incompressible flow that is effectively 2-D, in Cartesian coordinates
a velocity vector potential and associated stream function are given by B = (z,y, z) e..
Thenuw = V x B, and (u - V)1 = 0 is identically satisfied.

67
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Thus with u = V¢ we see that V¢ - Vi = 0. In other words, lines of
constant ¢ and lines of constant 4 lie at right angles to each other. This is
what one would expect, since lines of constant 4 are just streamlines whereas
lines of constant ¢ must be perpendicular to streamlines in order that u = V¢
points along streamlines.

5.1.2 Existence and uniqueness theorems

To discuss the existence theorem for solutions to Laplace’s equation is be-
yond the scope of this course (and most other undergraduate mathematics
courses).

On the other hand, you will find the uniqueness theorem for smooth solutions
to Laplace’s equation discussed in MAS204 Calculus I11. Here we just state
the conclusions that can be drawn from its application.

For irrotational and incompressible flow, the uniqueness of a smooth flow
velocity vector field u = V¢ is guaranteed provided that either the velocity
scalar potential ¢ or the normal component of the flow velocity, n - u =
(n - V)¢, is specified at the boundary of the fluid domain of integration.

The uniqueness theorem can be generalised for other circumstances and types
of flow — we may return to this!

5.2 Sources, sinks and dipoles

We now consider certain simple, standard, solutions of Laplace’s equation
and investigate the flows corresponding to these solutions.

The simplest solution of (V - V)¢ = 0 is ¢ = constant (or ¢ = 0), which
corresponds to the trivial case u = 0.

5.2.1 Sources and sinks

The function

p=-1, (5.4)

where ¢ is a constant of physical dimension unit volume per unit time, is a
basic solution of Laplace’s equation. Here r is the distance from the origin
of a chosen coordinate system. To confirm this is a solution indeed, one could
work in Cartesian coordinates from r = (22 + y2 + 22)'/2, or, more simply,
from spherical polar coordinates where

(V-V):1 8(26)+..., (5.5)

2 or \" or
(cf. (2.22) in chapter 2). The corresponding flow velocity is then given by

u=V¢= a

= 7‘_3 r, (56)
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where  is the position vector relative to the origin of the field point at which
u is evaluated; in Cartesian coordinates r = (z,y,z)”. We see that the
flow velocity is everywhere radial and of magnitude ¢/r?2; it represents steady
streaming of fluid away from the origin. One can ask how much mass passes
through a sphere, of radius r, centred on the origin, in unit time, i.e., we can
compute the mass flux. Assuming p = constant,

d
—m:Im:// pu-ndA:p// %TZdQ:47rpq. (5.7)
di Ple: 8G T

The differential dS2 represents integration over all infinitesimal solid angles on
a unit sphere, i.e., dQ2 = sin¥ddde. Obviously this mass flux is independent
of the radius of the sphere. From the continuity equation it follows that the
mass must enter at the origin and flow radially away. The flow would be
approximated by a pipe pumping water into the middle of a sea. The velocity

scalar potential
p=-—1-_ I 1 :
T dp T
thus represents a source at the origin whose strength is measured by ¢ (or
by I,,,).

If the strength ¢ is negative, i.e., fluid leaves the region at the origin, then the
flow contains a so-called sink.

Since Laplace’s equation is linear, the flow pattern for several sources/sinks
can be found simply by adding the potentials for the individual sources/sinks.
This is generally referred to as the superposition principle.

5.2.2 Line source

One can also have a line source when one considers 2-D flows. The line source
is characterised by emitting a mass m per unit length. Working in cylindrical
polar coordinates, one notes that V - w = 0 implies

1
9 (rup) =0 = Up X — . (5.8)
or T
To find the mass flux per unit length, consider a cylindrical shell at radius r

enclosing the line source. One finds I,,, = 2mpru,(r), so that
I, 1

Ur = 5— —, (59)
2wp T
and the velocity scalar potential is
I
¢ = = Inr + constant . (5.10)

2mp

5.2.3 Solid harmonics

Starting from the basic solution of 1/r, where r = (z? + 3> + 22)'/2, an
important set of solutions of Laplace’s equation can be obtained by differen-
tiating 1/ with respect to the coordinates. The functions found in this way are
homogeneous functions of negative degree of the Cartesian coordinates.
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e Degree —2:

0 (1 0 (1 0 (1
ox (?) T Oy (;> T 0z (;> ' G4
e Degree —(n +1):

o 1
W(;), ptg+r=mn. (5.12)

These are solutions since (V- V) and 9" /(0zPdy?0z" commute for all values
of p,q,rand n = p+q+r,and 1/r is a basic solution of Laplace’s equation:

o 1 o 1
(V' V) grouioe <;) = gromar vV V) <;> =0. (5.13)

Another set of harmonic functions which are homogeneous and of positive
degree can be obtained by multiplying the functions in the brackets in (5.11)
by 73 and in (5.12) by r2"+1,

Both sets of harmonic functions are referred to as the solid harmonics. They
form a “complete set” of harmonic functions because an arbitrary solution
which is homogeneous of degree & can be found as a linear combination of
harmonic functions of degree k (see also chapter 2).

The solutions of negative degree have singularities at the origin but tend to
zero as r — oo. Since they correspond to solutions which exclude the origin
they are termed external harmonics. Solutions of positive degree apply in a
region that may include the origin, but does not extend to infinity; they are
called internal harmonics.

5.2.4 Dipoles

We now consider the external harmonics of degree —2. The general velocity
scalar potential as a solution of Laplace’s equation, homogeneous of degree
—2, is made up of a linear combination of the functions in (5.11)

5o (2 2 (1
— lula.’L' IU‘QBy /“1'382, r
z+ + p3z T
__(m T? m)::_i3_ (5.14)

Here p is a constant vector of the arbitrary coefficients in the linear combina-
tion. An alternative expression for ¢ is

¢:—i;:0pV). (5.15)

The corresponding flow velocity is

1 1 .
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Note the fall-off of its magnitude with 1/r3 at the highest order in r. This
particular solution corresponds to what is called a dipole which, in analogy
to electrostatics where a dipole is a close pair of equal but opposite electric
charges, represents a source and a sink of equal but opposite strengths close
together.

A
i
—.) ® ®
X-axis  -m +m
D SEE——

d

We can demonstrate this by considering a source and a sink (strengths m and
—m;) separated by a distance d in the e,—direction. By the superposition
principle the total potential at a point A with position vector r is

¢ = ¢source + ¢sink 5

hence

—m m

. I~ — - (5.17)
4np [(r_ (d/2) em)2] / 4rp [(r+(d/2) ex)Z] /

Writing out the denominators in terms of scalar products and using the bino-
mial theorem to expand to first order in d/r gives first

_ 2\ —1/2 o\ —1/2
¢ m{(r-r—dew-r—l—d—> —(r-r+dew-r+d—> },

" dmp 4 4
(5.18)
then
—m dey-r a2\ \ /2
— 1— @
¢ 47rpT{( 72 +O(r2))
. 2\ \ —1/2
_ (1+dew2 T+O(d—2>) } (5.19)
r T
and so
p——mdesr o (EN__ B o (d (5.20)
 Armpr3 r2)  Admprd r2 )’ '

where we have defined u = md e, as the dipole strength. Note that p gives
both the strength and orientation of the dipole.
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In spherical polar coordinates, assuming e, was aligned with the coordinate
line 4 = 0, the dipole velocity scalar potential can be written as

¢:_ucos19 (5.21)

dmpr?

Dipole streamlines.

An equivalent derivation is obtained by noting that ¢gource and ¢ginic differ
because the sign of m is changed and because the sink is displaced by —d with
respect to the source. Thus the potential at a point A due to the sink is equal in
magnitude to the potential of a source at » + d. Since d is small we can then
use the directional derivative to approximate

¢source ("' + d) = ¢source ("') +d- V¢source|r , (5-22)
so that
¢sink = - (¢source + VQbsource ' dex) ; (523)
and then the total potential at A is just
QS = ¢sink + ¢source = - Vqssource - dey . (5-24)
Point for

5.3 Examples

5.3.1 Sphere moving through fluid at constant velocity

We now look at examples of constructing solutions that describe irrotational
and incompressible flows of inviscid fluids, using the basic solutions of the
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previous paragraph (sources, sinks and dipoles). Here we rely on both the lin-
earity of Laplace’s equation, so that we can add different potentials together
to form new solutions, and on the uniqueness theorem, which means that if
we have found a solution that satisfies the boundary conditions then we can
be assured that the solution is the one and only correct one.

Consider a sphere of radius a moving with a steady velocity of magnitude
U = constant through an ideal fluid that is at rest “at infinity”. We wish to
obtain the velocity scalar potential and the equations of the streamlines.

We use a (moving) coordinate system which instantaneously has its origin at
the centre of the sphere so that the region occupied by the fluid excludes the
origin and extends to infinity. Therefore we assume an external harmonic
as an Ansatz for the velocity scalar potential. On the sphere the normal
component of the flow velocity must be equal to the normal component of the
velocity of the boundary, i.e., if the location of a position on the boundary is
specified by an angle 4, then

urz%zUcosﬁ a r=a. (5.25)

or

Using spherical polar coordinates with the polar axis parallel to the flow
velocity, we try to fit a solution of the form

pcosd
¢=-b 2 (5.26)

with an arbitrary constant b to the boundary conditions. We choose this Ansatz
because it is the only external harmonic which depends on ¥ only through the
function cos ¢, and this is the same dependence as in the boundary condition
(5.25). Thus we obtain

a¢ 24 cos ¥
—=b 5.27
a,r T3 3 ( )
so that on the boundary r = a
2 ¥ Ud®
bV _Geosy = b= 2L (5.28)
a3 21
Therefore, the solution for the velocity scalar potential is
Ua?®cosd
= 5.29
¢ 972 (5.29)

This implies that the flow produced by the motion of the sphere is that of a
dipole of strength Ua?/2b for the region outside the sphere.

At any point in the fluid we use u = V¢ to find the components of the flow
velocity

0¢ Ua®cos?d 10¢ Uda®sin®
_ Y99 _ St 5.30
or r3 ’ =09 273 (530)
The azimuthal component wu,, is zero, because by the axial symmetry of the
motion of the sphere (“zero swirl”) we have d¢/d¢ = 0.

Uy



74 MAS209: Fluid Dynamics 1997 — 2002

The streamlines are found from the differential equations

dr rdd )
(Ua3/r3)cos9  (Ua3/2r3)sind ’ rsinddy =0. (5.31)
This leads to p 2 cos 9
T COS
T smg 0 =0 (5.32)
and hence
T:Asin2'l9, ¢:B’ (533)

where A and B are constants which specify a particular streamline. The flow
is obviously axially symmetric (it does not depend on ).

It should be noted that the motion is not steady. The dipolar pattern of stream-
lines gives the flow for the instant that the centre of the sphere coincides with
the origin of the coordinates. At a subsequent instant the whole pattern has
moved to a hew position as the centre is in motion.

5.3.2 Source in a uniform stream

This example illustrates how different potential solutions can be added together
to create a new solution. Consider a point source which steadily emits a
volume @ of liquid per unit time (note that previously we characterised the
strength of the source by the mass emitted per unit time). This source shall lie
at the origin in a three-dimensional uniform stream with velocity magnitude
U = constant, which is parallel to the z-axis, i.e., u = Ue,. We will find
the streamlines in this case and show that there is one streamline which sepa-
rates streamlines which start at the point source and streamlines which start at
infinity upstream.

We use spherical polar coordinates, with the z—axis along the polar axis. The
velocity scalar potential is simply the sum of the potentials corresponding to
the uniform stream and the point source:

¢ =Urcosd — i (5.34)
dwr
From u = V¢ we find
_ 9% _ Q _ 10t _ g _
Y= o _UCOSﬁ+47TT2’ Y= e T Usind, up =0

(5.35)
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Since u, = 0, the streamlines lie in azimuthal planes, of which the y—z plane
is typical. In this plane the differential equations for the streamlines are

dr rdd

= 5.36
Ucosd + Q/(4nr?) —Usind (5:36)
and 1 d 0
r
-——=—coty — ———. 5.37
r dd €0 ArUr? sin® (537)
Multiplying by 2 sin? 9, so that
dr Q@sin?
29070 2 . — _
7 8in ﬁdﬁ + r“sind cos ¥ Al (5.38)
and substituting W = 2 sin? ¢, noting that
dw d
Fri 2r sin? 19£ + 2r?sind cos 9 , (5.39)
one can integrate this equation to find
2 2 Q
= — A 4
r* sin® 5T cosd+ A, (5.40)
where A is a constant which varies from streamline to streamline.
There is a stagnation point N where u|y = 0, i.e., at
2 Q
= = —. 5.41
Y=, T i (5.41)

For the streamline that passes through this stagnation point, the constant A
takes the value A = Q/(2#U), and the corresponding streamline equation is

2 . 2 Q
= (1 ] 5.42
r°sin” 9 27rU( + cos 9) (5.42)

Writing sin? 9 = (1 — cos? ) and rearranging, we obtain the alternative form

(1+ cos®) | 72(1 — cos ¥) — % =0, (5.43)

which has solutions

Q

9= P
i " 27U (1 — cos )

(5.44)

From this result it is clear that the stagnation point is actually where two par-
ticular streamlines meet: one from the source and one from upstream.

The equation for streamlines can now be written as

Q

r?sin? 9 = ﬁ(l +cosd) + A’ (5.45)
where A" = A — Q/(27U), so that
2 Q A’

(5.46)

T

~ 27U(1 — cos9) e
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Since away from the z—axis we have sin? 9 > 0: if A’ > 0, a streamline curve
lies above the separatrix curve (5.42); conversely, if A’ < 0, a streamline
curve lies below. Hence, the curve (5.42) divides the streamlines according to
whether they originate at the point source at the origin, or at infinity upstream.

Streamlines.

We can go slightly further with this example to calculate the force (“drag”)
exerted on the source by the uniform stream. Since the flow is steady and
irrotational, Bernoulli’s streamline theorem states

1 e QU cos ¥ Q?
2 2772 167274

+ 2 = constant . (5.47)
p

Consider a small sphere of radius r centred on the source. We can use the
above equation to find the pressure on the sphere. Consider a small surface
element of the sphere, ndA. The only force acting across it is the pressure
force, —pndA (the minus sign because ndA points out from sphere). By
symmetry the z— and y—components will sum to zero, so we only consider the
z—component of this force, — cos ¥ pnd A.

Integrating this component over the sphere and noting that only one term in
the pressure equation is not symmetric, we find the z—directed force (in the
direction of the stream) to be

2w ™
2
— pQg/ / r?cos?Isinddddpe, ==pQUe, . (5.48)
27r 0 0 3

5.3.3 Method of images

This is a useful application of the uniqueness theorem. In this method a prob-
lem consisting of sources and boundaries can be replaced by an equivalent
problem consisting of sources only. This is accomplished by adding sources
until the right conditions are created at the position of the boundaries. From
the uniqueness theorem it then follows that the resultant flow must everywhere
be the same as in the original problem. For example, a problem with a single
source near a plane boundary can be replaced by a problem with two sym-
metrically placed sources, and this has the necessary property of zero normal
velocity at the position of the boundary. Further information on this method
and examples can be found in the online script to MAS207 Electromagnetism.
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5.4 Solutions of Laplace’s equation

5.4.1 Spherical harmonics

We now turn to a slightly more comprehensive discussion of obtaining partic-
ular solutions of Laplace’s equation. We will first discuss a special class of
solutions which are referred to as spherical harmonics.

Here one attacks the problem of obtaining a particular solution of Laplace’s
equation by assuming that solutions to (5.2) exist which are separable as re-
gards their coordinate dependencies. Clearly this assumption provides a drastic
simplification of matters.

Let us choose spherical polar coordinates. Let us then take the separation
of variables Ansatz

¢(r,9,¢) = R(r) P(9) Q(yp) (5.49)

and substitute it into Laplace’s equation. By (2.22) we know that in spherical
polar coordinates (5.2) reads

10 (,00 1 0 (. 04 1 9% _
(V-Vie= 53, (7" Br) s 99 (S““(} &9) T s gap? "
(5.50)

Upon substitution of (5.49), and dividing by ¢/r?2, we obtain

1d [ ,dR 1 d /. ,dP 1 d%Q
14 (e C (eino )+ 1LY (551
R dr (r dr) * Ping dv (Sm >+ QsZddgz 0 65D

Note that partial derivatives are not needed here because of the separate depen-
dencies of the different factors of ¢ in (5.49).

The essence of the method of separation of variables is to manipulate the
linear partial differential equation (5.2) (after assuming the separated form of
a solution) in such a way that it decomposes into two parts, where the two
parts have no independent variable in common. It then follows that the two
parts must be separately constant. In the above case we see that the equation
has indeed separated into two parts, one depending only on the independent
variable r and the other depending only on the independent variables ¢ and ¢.
Hence, we must have constancy of these two parts such that one part always
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cancels the other for any arbitrary values of (r, 4, ¢), in order to satisfy (5.2).
For convenience we choose this constant to be

0+1),

where [ is a positive integer or zero. Then we obtain the linear ordinary differ-
ential equation of second order

1d [ ,dR\ _

to determine the radial dependence of (5.49), and

: 2
I +1) sin?g 4+ 520 4 (aw%) 1 4°Q

B 2 =0. (5.53)

Qdy*
The latter differential equation is now again separable. We take the arbitrary
constant thus arising as

m?,

so that we obtain the linear ordinary differential equation of second order

[1(I+1) sin219—m2]P+sin19% (m&%) =0, (5.54)
which determines the polar dependence of (5.49), and the linear ordinary dif-
ferential equation of second order

d?Q

d—(p2+m2Q=0, (5.55)

which determines the azimuthal dependence of (5.49).
Now the r—dependent equation (5.52) is easily solved by

R(r)=Ar' + Br— (41 | (5.56)

where A and B are arbitrary integration constants. On the other hand, the
—dependent equation (5.55) has the straightforward solution

Q(p) = C cosmy + D sinmyp , (5.57)

where again C' and D are arbitrary integration constants. For Q(y) to be
singled-valued one must have Q(¢ + 27) = Q(¢), and thus it follows that
m must be integral. Without loss of generality we assume that it can either be
zero or a positive integer.

Solving the ¥9—-dependent equation (5.54) is far more tricky. Full details on
this are given in the online script to MAS207 Electromagnetism. Once this
is accomplished, the spherical harmonics as solutions of a 2-D Laplace’s
eguation on the surface of a unit sphere (with unit radius) will be given by
the product Yy, (¢, ¢) o< P(¥) Q(¢p), appropriately normalised. For reasons
of complexity we will confine ourselves in the following to a simple subcase
of the differential equation (5.54) and, thus, (5.50).
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5.4.2 Axisymmetric case: Legendre’s equation

By definition a fluid configuration is axisymmetric when for the velocity
scalar potential the property
o
dp
holds (which corresponds to setting m = 0). In this case equation (5.54) for
P(¥9) reduces to

0

d dP
2 . el . - _
I(I+1)sin®9 P+ sind (sm19 ) =0, (5.58)

where [ is a positive integer or zero. Let us introduce a new independent vari-
able z by
z =cosV . (5.59)

Then for any function f () we have

df dfde . df
30— dz a9 — sin e (5.60)

Substituting in (5.58), and noting that sin? ¥ = 1 — 22, we now get

d dP
2 a2 9% _ 28 ) _
I+ -2*)P+(1 x)dx((l x)dx) 0, (5.61)
or \
d-P dP
—_— 2—_ —_— g
(1 x)de 2xdx+l(l+1)P 0. (5.62)

This linear ordinary differential equation of second order is known as Legen-
dre’s equation (named after the French mathematician Adrien-Marie Legen-
dre, 1752-1833). It has polynomial solutions of order { for integral values of
[, and the solution is convergent for all z in the interval —1 < z < 1. (Ifl is
not integral, the solutions do not converge for z = +1.) The first few of these
Legendre polynomials of order [, denoted P;(z), are (! = 0,1,2,3)

322 —1 5z° — 3z
Py(z) =1, PA@@)=z, B@)=—F—, B@E)=—7—

5 .

(5.63)
The following two remarks should be made: (i) the P;(x) alternately constitute
even and odd polynomials in z, i.e., they satisfy

B:Qn(_x) = -Pl:Qn(-T) ]Dl:2n—|—1(_x) = - Pl:2n—|—1(-7") n = 07 ]-a 27 LR

and (ii) we have at the boundaries of the interval —1 <z <1

When combining the Legendre polynomials with solution (5.56) for (5.52),
we extract the general axisymmetric solution of Laplace’s equation:
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Z [ (R + 7! ] Pi(cos¥) (5.64)
=0

where a; and b; are constants chosen to match the boundary conditions in any
particular problem. Remember that the uniqueness theorem ensures that any
set of constants that satisfy the boundary conditions provides a unique solution
of Laplace’s equation.

If we start to expand the general axisymmetric solution in powers of [ and
cos 1}, we can ascribe a physical significance to the first few terms:

)
¢(r,9) = by + 04 breosy + B (:(2)3
N~~~ T S—— T
constant S~ uniformstream | Y
source/sink dipoleat origin

(5.65)

Example: rigid sphere in uniform stream

Consider a rigid sphere of radius a in a uniform flow of speed U = constant.
We arrange the spherical polar coordinates such that the (¢ = 0)-axis is
aligned with the flow at infinity. Therefore the flow velocity at infinity is given
by

Uoo = (U cos®, —Usind,0)” (5.66)

and the corresponding velocity scalar potential is given by ¢oo = Urcosd
(this will be the first term we take from the general solution). The other bound-
ary condition is that the radial component of the flow velocity (i.e., the normal
derivative of ¢) is zero at the surface of the sphere, i.e.,

_ 99
RU—»

This boundary condition must be true for all 4, and this suggests that we
need another term from the general solution, one which also has a (cos¥)-
dependence that is linear. We try adding the dipole term:

=0 at r=a. (5.67)

A
¢ =Urcos?d + 2 cos ¥ , (5.68)
>0 0 2A
99 =Ucos® — — cos® . (5.69)
or r3

To satisfy the boundary condition (5.67) we need to have
1.3

so that the velocity scalar potential finally becomes

3
¢ =Urcosd (1 + 2—3) . (5.71)



MAS209: Fluid Dynamics 1997 — 2002 81

This solution satisfies Laplace’s equation and the given boundary condi-
tions (5.66) and (5.67). The resultant flow velocity uw = V ¢, i.e.,

a3 a3
u:Ucosﬁ(l—r—g) é, — Usind <1+ﬁ> éy , (5.72)

is therefore the unique solution.

5.4.3 Cylindrical harmonics

Solutions of Laplace’s equation in 2-D plane polar geometry, i.e., where
9 _
0z

are called cylindrical harmonics. The procedure for finding the cylindrical

harmonics is similar to that for the spherical harmonics. One assumes a
separation of variables Ansatz of the form

¢(Ta SD) = R(T) Q(‘P) ’ (5.73)

substitutes into Laplace’s equation expressed in cylindrical polar coordi-
nates [ see (2.15) ],

0,

10 0¢ 19% 0%
(VV)¢_;§(TE>+T_28—Q02+ﬁ_O’ (5.74)
and divides by ¢/r2. Then one separates terms dependent on  and ¢ according
to
r d dR 1 d%Q 9

where we have chosen m? as the constant that arises in the separation proce-
dure.

Although this appears a simple pair of linear ordinary differential equations
of second order, there are in fact various types of solutions, depending on the
value of m. For m > 0, the solution to the Q—equation is

Q(p) = C cosmyp + D sinmep , (5.76)

where C and D are arbitrary integration constants. If the problem is such that
 covers the entire range from 0 to 27, then Q(¢) must be single-valued, which
implies that m must be integral. Without loss of generality, m can be taken
as a positive integer or zero in this case. However, this condition, although
generally satisfied, is not always satisfied. Nevertheless, in this course we will
not be investigating the case where m is not integral.

In the case m > 0, the R—equation has the solution
R(r)y=Ar"+Br ™, (5.77)

with A and B arbitrary integration constants.
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The case m = 0 has to be treated separately. Here the resultant expression is

do(r,o) = (Ap+B)(C lnr+ D)
= Ey + - Flnr |
circulation around origin line source/sink
+Golnr+ H. (5.78)

Therefore, the final expression for the velocity scalar potential as expanded
in terms of cylindrical harmonics is

d(r,p) = ¢olr,p) + Z ™ [apm, cosmy + by, sinmy]|
m=1

o0
+ Z r ™ [cpm cosmy +dy, sinme] . (5.79)

m=1

As before, all constants (including a.,,, bm, ¢ and d,,,) need to be adjusted so
as to satisfy any given boundary conditions.

Example: rigid cylinder in uniform stream

Consider a steady flow, uniform and in the positive z—direction upstream,
that runs past a rigid cylinder of radius a which is centred on the origin and
“infinitely extended” in the z—direction.

At infinity (in both the negative and positive z—direction) we have u = U e,,
with U = constant. In cylindrical polar coordinates this is expressed by

Uoo = (U cos @, —U sing, 0)T . (5.80)

The corresponding velocity scalar potential is ¢, = Ur cos . As in previ-
ous examples, on the surface of the cylinder we have the boundary condition
that the normal component of the flow velocity needs to be zero (i.e., the
normal derivative of ¢), i.e.,

_ 9 _

uT_ar_O at r=a, (5.81)
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and this must be true for all . Accordingly we choose a term from the general
solution (5.79) which has a (cos ¢)—dependence that can dominate at small :

071 cos @ . (5.82)

This might seem strange, given the term d,,, r—™ sin mg in (5.79), but we have
cos ¢ = sin(yp — m/2) which can be expressed as a constant times sin ¢ using
the double angle formula. In the present example, we also have to take into
account that the region of flow around the cylinder is not simply connected!
For any closed integration path enclosing the cylinder there will thus be a non-
zero circulation.

Hence, we try the following Ansatz:
¢:Urcos<p+—cl cosp+ Fo. (5.83)
T

The boundary condition (5.81) at the surface of the cylinder demands

ur:6—¢:Ucos<p—c—1(:os<p=O at r=a. (5.84)
or 72

Therefore,
¢ =Ud?. (5.85)

Also, the line integral along a circle C of constant radius L enclosing the cylin-
der, with line element dI = Ldy &, yields for the circulation

2T
r = fu-dl:L/ Uy de
C 0
2T ) CI,2 E
= —L/O [U51n<p(1+ﬁ>—f] do

= o1E, (5.86)

SO
T

g ﬂ .
Thus, the final solution for the velocity scalar potential satisfying the bound-
ary conditions (5.80) and (5.81) is

(5.87)

a® T
¢ =Urcosyp 1+r_2 +%<p. (5.88)

The second term here corresponds to a line doublet term. It follows that the
unique flow pattern has flow velocity given by u = V¢, i.e.,

a’\ . . a’\ . r .
u=Ucosyp 1—T—2 é, —Usingp 1+r_2 e(p-l—%e(p. (5.89)
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Chapter 6

Fluid equations of motion

6.1 Forces in fluids

We now turn back to the study of fluid motions as determined by some equa-
tions of motion. We mean by this in particular (in the traditional Newtonian
sense) an equation which relates the acceleration of the motion of a fluid to
the forces that are generating the motion. We can include viscous forces, and
thus we will be discussing fluids which are more realistic than the ideal flu-
ids introduced earlier. The equations of motion which we will be deriving are
called the (general) Navier—Stokes equations. These are usually coupled with
the continuity equation that we derived earlier in chapter 3. Crucial to the
derivation of the Navier—Stokes equations is the idea of applying the physical
principle of conservation of linear momentum to any particular fluid ele-
ment. In this scheme a fluid element can be thought analogous to a particle (or
tennis ball), for which one can easily write down the equations of motion.

When we consider the forces acting on a fluid element, or blob of fluid, there
are two very different kinds of forces. The first are called body forces and
act throughout the whole volume of a fluid element. Gravitational forces and
inertial forces such as centrifugal or Coriolis forces (the latter named after the
French mathematician Gaspard Gustave de Coriolis, 1792-1843) are examples
of body forces, as are electromagnetic forces (if the fluid can carry an electric
charge as, e.g., liquid mercury). The second kind of forces exist by virtue of
the fluid element actually being surrounded by other fluid elements and are
called surface forces. For a fluid element in the body of a fluid, the rest of
the fluid can exert forces only by contact; in other words, only at the surface
of the fluid element. Fluid elements adjoining a boundary will also experi-
ence surface forces exerted by the boundary. The crucial point about surface
forces, which may not be self-evident, is that they can have a component which
is tangential to the surface, apart from the component which is normal. Of
course, in our definition of an ideal fluid we explicitly excluded the possibility
of tangential stresses. As we will subsequently see, viscous forces are asso-
ciated in particular with tangential stresses, though, in general, they also have
a component corresponding to a special kind of normal stresses.

Note that most of what we discuss is actually applicable not just to fluids but
to any deformable continuous medium such as, e.g., rubber, plastic or metal.

85
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6.1.1 Stress vector

Consider in some domain D C R3 of a deformable continuous medium a small
geometrical surface element, of area §.5, which has unit normal n at some
position r.

oS

The force exerted on this surface element by the medium into which = is point-
ing is assumed to be of the form

£33, (6.1)

which thus defines the stress vector, ¢. We want to assume that the stress
vector can be expressed as a linear function of the normal vector. Then, by
definition, we have in the case of inviscid fluids that ¢ = —p(t,r)n, i.e.,
the stress vector acts along the normal direction only. On the other hand,
we have already argued above that in the case of viscous fluids we expect the
stress vector to have both tangential as well as normal components.

6.1.2 Stress tensor

For any deformable continuous medium the stress tensor encodes the trans-
fer rate of linear momentum across contact surfaces between neighbouring
volume elements which is due to molecular motions within the medium. It is
standard to denote the stress tensor by T'. Using index notation, at any point
of a given domain D C RR3 in the medium its nine components T;; are defined
as follows:

T;; is the 5-th component of stress on a surface element 6.5 which has a normal
n pointing in the j-direction.

For example, in a Cartesian coordinate system T, (i.e., T33) is the stress
acting in the z—direction on a surface element whose normal is pointing in the
z—direction.

The trace of the stress tensor yields, up to a constant of proportionality, what
one defines as the mechanical pressure, or mean normal stress, within a
deformable continuous medium. More precisely, we have

1 1
P::—gTErT:—g(T11+T22+T33). (6.2)
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Clearly, the physical dimension of T is [ pressure ], i.e., [ force ] [area] ~!, which
in the MKS-system is be expressed by [mass][length]~! [time]~2. Hence,
the SI unit for T"is 1 kg m~—! s=2, or 1 Pascal (Pa).

T3 A

L
A |,

As understanding the stress tensor is the key to formulating the equations of
motion in fluid dynamics, we want to take a look at a couple of its properties.

The definition just introduced of the stress tensor gives the forces across a
surface when that surface has a normal in one of the coordinate directions. But
obviously we would like to be able to treat more general cases. In particular,
we would like to have an expression for the stress vector ¢ acting on some
surface element with a normal = that is aligned with an arbitrary spatial
direction. Above we assumed that the general relation between ¢ and n should
be linear. The required expression is then the following:

For a surface element 4.5 in a fluid, with unit normal n, the stress vector ¢ has
components ¢; given by (employing the summation convention)

ti =Tin;. (6.3)

Relative to a Cartesian coordinate basis the proof of this is as follows:* Con-
sider a surface element 4.5 to be the large face of a tetrahedron within a de-
formable continuous medium, whose other faces are parallel to the z—y, y—z,
and z—z coordinate planes, respectively. This tetrahedron shall represent a
material volume element.

LIf the proof holds with respect to one coordinate basis, it will hold with respect to all
coordinate bases.
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We now wish to apply the principle of conservation of linear momentum
to the medium within the tetrahedral volume element at some instant of time.
We collect together the i-th component of the forces on the tetrahedron. By
definition the force exerted by the surrounding medium on the main face is
t; 6S. The i-th component of stress exerted by the surrounding fluid on the
face which is parallel to the y—z plane is —Tj,;, because that face has unit
normal —e,. The area of this face is given by n, 4.5 (from thinking about the
area of the projection of 6.5 onto the y—z plane), so the final i-th component of
stress on the face parallel to the y—z plane is — T}, n, 6S. Analogously we find
—Tiyny 08 and —T;, n, 65 for the faces parallel to the z—z and z—y planes,
respectively. Thus the total force (i-th component) exerted on the medium
enclosed by the tetrahedron is

(ti —Tyinj)6S + pgidV (6.4)
— SN——
net surface force net body force

where we have added a gravitational body force, pg 6V, with 6V the volume
of the tetrahedron. Now the acceleration felt by the medium in the volume ele-
ment equals the force acting on it divided by its mass (which is p V). Making
a dimensional analysis, we can take the linear dimension of the tetrahedron
to be length L, and so its volume §V scales as L3 while the area 4.5 scales as
L?. Hence, we see that the acceleration due to the net surface forces scales
as L~!. Clearly, in the limit L — 0 the acceleration must remain finite, and
that is only possible if the net surface force is zero. This implies that the stress
vector is given by ¢; = T;; n;, as claimed.

Using a similar argument we can show that the stress tensor has to be symmet-
ric. Consider in a Cartesian coordinate basis a unit cube, and the tangential
forces it feels in the z—y plane. We label the faces with normals parallel to this
plane by a, b, c and d.
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Tyx<(:.:
C . ﬁ_TX)y
Ty d . H y
T)>Tyx

To understand the forces, as shown in the figure, consider face a. The force, as
drawn, is in the y—direction, and the face normal is in the z—direction, so that
the tangential force is 7%, (remember we are considering a unit cube). We can
then find the total couple of these forces about the origin as T, — Ty;. The
couple is the force times the distance from the point about which we wish to
consider a rotation. Again, we consider what happens as the cube gets smaller.
Let the linear dimension of any of its sides be length L. The couple scales as
L3: one power of L from lever arm length, two from force being proportional
to area of a side. The moment of inertia of the cube scales as L®: three
powers of L from mass being proportional to volume and two from radius
of gyration. Applying the principle of conservation of angular momentum
— the rate of change in time of angular momentum (angular frequency times
moment of inertia) is equal to the applied couple — we can conclude that the
angular frequency scales as =2, and in order for this to remain finite in the
limit L — 0 we must have a total couple of zero, i.e., T;, = T,,. Hence, we
find:

The stress tensor T' is symmetric, i.e., in index form

Tij = Tji - (6.5)

6.2 Fluid equations of motion

6.2.1 Cauchy’s equations of motion

We can now move on to establish the general equations of motion for any de-
formable continuous medium, which was first obtained by the French math-
ematician Augustin Louis Cauchy (1789-1857). In order to do so, we will
employ again a formulation that makes use of the concept of balance equa-
tions which we introduced in chapter 3 (cf. subsection 3.1.2). In particular, our
aim is to write down a balance equation for linear momentum and thus de-
scribe how linear momentum is transferred between neighbouring volume ele-
ments of any deformable medium for which the continuum hypothesis holds
(cf. chapter 1, subsection 1.4.2).
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Let us thus consider within a deformable continuous medium a fixed region
G that is bounded by a closed surface dG. As linear momentum is a vector-
valued extensive quantity, the formulation of a balance equation for this quan-
tity requires the introduction of a vector-valued linear momentum density. In
the present case this is just the product between the mass density and the flow
velocity of the deformable continuous medium in question, i.e.,

pu

and so its physical dimension is [ mass ] [length ] =2 [time]~L. In index notation
the linear momentum density is expressed by

pu; .

(Note that, hence, linear momentum density is equivalent to mass current den-
sity.)

Next, we need to introduce a tensor-valued linear momentum current den-
sity, denoted by TI, and of physical dimension [mass][length] ! [time] 2.
This tensor is constructed from two parts: a convective part simply due to
the mechanical transport of linear momentum by different volume elements
as they move from place to place, and a molecular conductive part due to
stresses acting across the contact surfaces between neighbouring volume ele-
ments. The linear momentum current density can thus be written as?

O=(pu)Qu—T,

with T the stress tensor of the deformable continuous medium and the mathe-
matical symbol “®” denoting the tensor product between vector fields in R3,
In index notation this is just

Hij = PU;U; — Tij .

Finally, we assume that the deformable continuous medium is exposed to body
forces (e.g., gravitational, inertial, or electromagnetic), which thus contribute
a linear momentum generation rate density that we conveniently write as

pFoody ;

its physical dimension is [mass] [length ]2 [time] 2. Note that the physical
dimension of fi,oay itself is [acceleration], i.e., [length][time]~2. In index
notation the linear momentum generation rate density due to body forces is
written as

pfbody,z' .
We are now in a position to write down a vector-valued analogue of the balance

equation (3.17); applied to linear momentum. For a fixed region G within a
deformable continuous medium, bounded by a closed surface 9G, the rate of

2Note that the sign of T" is such that when for a surface element with normal n we have
Ti;nin; < 0 (employing the summation convention), then there is a net push on the surface
element. Otherwise, when T;;n;n; > 0, there is a net pull.
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change in time of linear momentum contained in G, due to linear momentum
inflow across G and body forces acting throughout G, is given by

%///GWCWZ_/ aaﬂ-ndA+///(;pfbodde. (6.6)

In index notation this balance equation reads (remember the summation con-
vention, here and below!)

%///Gpuidvz_//aGHijnjdA_l_///prbody,idv- (6.7)

Now, in line with the procedure described in subsection 3.1.2, we can move the
time derivative on the left-hand side of (6.6) under the volume integral (where
it becomes a partial derivative), and also convert the flux integral on the right-
hand side via a generalised version of Gaul3’ integral theorem (2.32) into a
volume integral. Thus, as (6.6) has to hold for any arbitrary fixed G (bounded
by 0G), we find that the differential form of the balance equation for linear
momentum in a deformable continuous medium is given by

9(pu)
ot

In index notation, with respect to a Cartesian coordinate basis, this reads

+ V - II = pfoody - (6.8)

8(puz) 6H,~j B )
at + ax] - pfbody,z - (69)

Finally, employing that IT = (pu) ® u — T, and using the continuity equa-
tion for mass in the form (3.22), we obtain from (6.8) Cauchy’s equations of

motion:
ou

PE+P(U'V)U—V'T=beody- (6.10)
In index notation, with respect to a Cartesian coordinate basis, this is
Bui aui 8Tij
— ; — = - 6.11
p ot + pu; oz, B PJoody,i ( )

Up to this stage we have been working in the context of any deformable con-
tinuous medium. The next stage is to specify the particular form of the stress
tensor which is appropriate for a fluid.

6.2.2 Stress tensor for Newtonian viscous fluids

In this course we want to restrict ourselves to Newtonian viscous fluids. As
briefly referred to in chapters 1 and 3, these are fluids for which it is a good
approximation to assume that viscous stresses within the fluid are proportional
to the velocity gradient. On physical grounds it is clear that viscous stresses
should occur neither in a fluid at rest nor in a fluid in rigid rotation. Hence,
we can define an intrinsically isotropic fluid (one with no preferred direction a
priori) to be a Newtonian viscous fluid if its stress tensor has the form
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T=-(p—-C(Og+2uo. (6.12)

Here p denotes the thermodynamical pressure, § = V - u the expansion/-
contraction scalar, o = (V ® u)sym — 5 g (V - u) the shear tensor, and
g the metric tensor in R3.2 Moreover, this expression introduces ¢ > 0 as
the coefficient of volume viscosity and ¢ > 0 as the coefficient of shear
viscosity. In general, both these scalar-valued quantities are thermodynamical
functions, say of the specific entropy s and the specific volume 1/p. Their
physical dimension is [mass][length]~! [time]~?.

In index notation, with respect to a Cartesian coordinate basis, the compo-
nents of the stress tensor for a Newtonian viscous fluid are given by

. Ouk \ 5.y (2% 4 Oui 2 Oue
TU N (p C&ck) 62] tH (6:1:2 + a.’Bj 3 8$k 51] ) (6.13)

We note that this expression is symmetric, T;; = T};, as required from the
discussion above. Hence, (6.13) represents only six independent components
rather then nine.

From (6.12), together with (6.2), we see that the mechanical pressure at a
given point within a Newtonian viscous fluid is given by

P=p—-(6H.

We can discuss further the form of T that we have chosen. The pressure term
corresponds to an isotropic (same in all directions) compression. The second
part is proportional to the shear tensor; in other words, it is proportional to the
volume preserving change of shape of a fluid element. Note that the viscous
terms disappear if there is no isotropic expansion/contraction of any fluid el-
ements nor any anisotropic deformation. In particular, in the hydrostatic limit
(u = 0) (6.12) reduces to yield the hydrostatic stress tensor

T = -pg, (614)
or, in index notation with respect to a Cartesian coordinate basis,
Tij = —pdij - (6.15)

The forms (6.14) and (6.15) also apply for inviscid fluids.

We can finally note that not all viscous fluids are of the Newtonian kind. Non-
Newtonian viscous fluids can have very strange properties, such as a shear
viscosity which decreases with the velocity shear (e.g., non-drip paint). Other
examples of non-Newtonian viscous fluids are blood, and fluids with higher
molecular weights (e.g., polymers such as molten plastics).

3Remember that in a coordinate basis of R® the metric tensor g has components defined by
gij = e; - ej,14,7 = 1,2,3. Thus, in a Cartesian coordinate basis we have g;; = d;;.
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6.3 Navier-Stokes equations

6.3.1 Navier-Stokes equations for compressible viscous fluids

To obtain the equations of motion for a general Newtonian viscous fluid, we
substitute the stress tensor (6.12) into Cauchy’s equations of motion (6.10).
Thus we find the general Navier-Stokes equations

ou

pgp TP VutV(p—(0) =2V (1o) = pfoody , (6.16)

where ¢ > 0 and i > 0 have to be given as thermodynamical functions.

However, in many applications concerning Newtonian viscous fluid one can
treat these coefficients as constant parameters. In this case, upon combin-
ing (6.16) with the continuity equation (3.22), the equations of motion of
fluid dynamics are given by

Navier-Stokes equations for compressible Newtonian viscous fluids:

p%—?er(u-V)u
(¢ 3 M) VIV W) s (V- V) V0 = phhoay (6.17)
%%—(u-V)erp(V-u):O. (6.18)

In index notation, with respect to a Cartesian coordinate basis, these are

oui . O
P ot T PY g,

1 0 a’u]‘ BZU,@' ap
- —u)— (=22 - il (6.1
op Op Ou;
T TP =0 (6.20)

We have thus derived a coupled system of four non-linear partial differential
equations of second order for (i) the three components of « and (ii) p. To close
this system of equations we need to prescribe both p and fi,0q4y as functions of
the independent variables ¢ and ». Unique solutions can then be obtained upon
specification of the initial conditions and boundary conditions which « and
p shall satisfy.

6.3.2 Navier-Stokes equations for incompressible viscous fluids

In all the examples of Newtonian viscous fluids we discuss in this course we
restrict ourselves to the incompressible case, i.e., 8 = V -u = 0. Thus,
from (6.12), the stress tensor for an incompressible Newtonian viscous fluid



94 MAS209: Fluid Dynamics 1997 — 2002

is given by
T:=—-pg+2uo, (6.21)

or, in index notation, with respect to a Cartesian coordinate basis,

ou;  Ou;
Tij = —pdij + (amz + (%;) : (6.22)

Moreover, the only body force we want to consider is a gravitational force,
i.e.,

Soody = 9 -
Then the equations of motion of fluid dynamics become the

Navier-Stokes equations for incompressible Newtonian viscous fluids:

ou

pa—l—p(u-V)u—u(V-V)u = —Vp+pg (6.23)

V-u 0, (6.24)

which Navier first derived in 1822, and Stokes obtained independently in 1845.
In index notation, with respect to a Cartesian coordinate basis, these are

Ou; Ou; 0%u; Op
i 4 oy T = Py 6.25
Pt TP gz;  * og0m, 8z; P9 (6.29)
8Ui
QUi _ . 2
=0 (6.26)

We are thus dealing with a coupled system of four non-linear partial differential
equations of second order for the three components of w. As regards « this
system is therefore overdetermined. Nevertheless, to solve this system we
need to give both p and g as functions of the independent variables ¢ and ».
Unique solutions can be obtained upon specification of the initial conditions
and boundary conditions that u shall satisfy.

From chapter 2 we know that with respect to a Cartesian coordinate basis
(only") the vector identity
(V-Vu=V(V-u) -V x(V xu)

holds [cf. (2.31)]. Using this, we can rewrite the Navier-Stokes equations
(6.23) as

ou

pa—i—p(u-V)u—i—qu(qu):—Vp+pg. (6.27)

Obviously, we can ask what happens when the fluid is inviscid (zero shear
viscosity i). Then

ou

pa—lrp(u-V)u = —Vp+pg (6.28)

V- u 0, (6.29)
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and it is no surprise to recognize Euler’s equations (3.45) and (3.46) describ-
ing the motions of incompressible inviscid fluids, which we derived from
first principles earlier on. Again, in index notation with respect to a Cartesian
coordinate basis these are

ou; Ou; Op _
Py TPU o, ~  om, + pgi (6.30)
Bui
- 0. 31
oz, 0 (6.31)

Here we have a coupled system of four non-linear partial differential equa-
tions of first order for the three components of u, and so this system is also
overdetermined. With given p and g as functions of ¢ and » we can obtain
unique solutions upon specification of the initial conditions and boundary
conditions that w shall satisfy.

6.4 Kelvin’s circulation theorem

We can use the Navier—Stokes equations for incompressible Newtonian vis-
cous fluids to derive results about the role of viscosity in the evolution of cir-
culation and vorticity in a fluid.

Let us first address the circulation. Consider a closed material curve made
up of the same fluid elements for all time, so that the circuit C(¢) so defined
changes in response to the motion of the fluid (it “moves with the fluid”). Then
the rate of change of the circulation around this circuit, as the curve moves with
the fluid, is

DI D
- _ .dl 6.32
Dt Dt [, O (6.32)
or DI D Ddl
u
— = ¢ =—-dl Rtatl 6.33
Dt f{C pr ¢t }é“ Dt (6.33)

We will be using the Navier—Stokes equations to modify the first term, and
for the second term we use a result from our earlier discussion on the analysis

of fluid motion, namely that
Ddl
<—Dt )Z = ’U,Z'jdlj ) (634)

where w;; is the matrix of all the gradients of the components of the fluid
velocity,

ou,;
Then, using index notation,
Ddl Ddl
‘Dr = u; (D—t>z (6.36)
= uiuijdlj (637)

= u;(0ju;)dl; (6.38)
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= dl;0;(5uiu;) (6.39)
= dl;0;(3u?) (6.40)
= dl-V(3u?), (6.41)

since by the summation convention u;u; = u? + u3 + u3 = u?.

Now, using the Navier-Stokes equations (with Kinematic viscosity v :=
1/p),

DT 1
_:% [g——Vp—}—l/(V-V)u—l—V(%'Lﬁ)]-dl, (6.42)
Dt Jc p

SO
E:?{[V(_¢_E+%u2>+y(v.v)u]-dt, (6.43)
Dt Je p

using the fact that p is constant if the fluid is incompressible, and also assuming
the existence of a scalar potential ® for the gravitational acceleration g.

Next, by Stokes’ integral theorem (2.33), § A - dl = 0, if a vector-valued
function A can be written as the gradient of a scalar-valued function ¢. Con-
sequently, in the equation above, the gradient terms integrate to zero, leaving

DI

D—t_fcu(V-V)u-dz. (6.44)

Thus, we can finally state

Kelvin’s circulation theorem:

The circulation around a closed material curve (one that moves with the fluid)
in a inviscid (v = 0), incompressible fluid under conservative body forces
(such as gravity) is constant.

This theorem does not require that the fluid domain D C R3 is simply con-
nected, just that the closed circuit is wholly in the fluid.

The theorem has an important corollary: the Cauchy-Lagrange theorem.
Consider an inviscid, incompressible fluid of mass density p = constant
which moves in the presence of a conservative body force. If a portion of
the fluid is initially in irrotational motion, then that portion will always re-
main in irrotational motion.

To prove this, suppose that at some later time the vorticity w = V x u were
not identically zero throughout the considered portion of fluid. Using Stokes’
integral theorem (2.33), we have

I‘:fcu-dl://sw-ndA, (6.45)

and so it would be possible to choose some small closed material circuit around
which the circulation would be non-zero. But this would violate Kelvin’s cir-
culation theorem, because the circulation around such a circuit must have
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originally been zero (using Stokes’ integral theorem and the assumption of ini-
tially zero vorticity). It follows that our assumption (that a region of non-zero
vorticity has developed in the portion of fluid in question) must be false, and
the theorem is proved.

An almost trivial consequence of this result is that if any irrotational fluid mo-
tion is developed from rest, then the flow will remain irrotational (since a static
fluid is trivially irrotational).

Itis also clear from our result for DK /Dt that vorticity can be introduced into
an otherwise irrotational flow if viscous interactions become dynamically im-
portant. This is especially of interest when an obstacle starts moving in a fluid,
since this is the time when the boundary layer is created, and, by definition, the
time when viscous effects are most important in determining the flow close to
the obstacle.

6.5 Helmholtz’s vortex theorems

Kelvin’s circulation theorem also has implications for the evolution of vor-
ticity in a fluid. But first we must define a couple of new terms.

A vortex line is, at any particular instant of time ¢, a curve which at all points
has the same direction as the vorticity w = V xwu. If in Cartesian coordinates
a vortex line is specified parametrically as z = z(s), y = y(s), and z = z(s),
then the three ordinary differential equations of first-order for the vortex line
are

dz dy dz
= - _ = = 6.46
ds Awg , ds Awy ' ds Aw, , ( )
with A an arbitrary constant, or equivalently,
wydz = w,dy, w,dzr=w,dz, w,dy=w,dz, (6.47)

at any particular time ¢. (Note that the method for obtaining fluid vortex lines
follows a procedure analogous to obtaining fluid streamlines.)

A vortex tube is bounded by the set of vortex lines which pass through some
simple closed curve in space.

Now consider a fluid to which we can apply Kelvin’s circulation theorem.
Suppose that there is an inviscid, incompressible fluid of constant density mov-
ing subject to a conservative body force. Then:

Fluid elements that lie on a vortex line at some instant of time continue to lie
on a vortex line, i.e., vortex lines ““move with the fluid”. It follows that vortex
tubes also move with the fluid in a similar way to vortex lines.

There is a further result concerning vortex tubes:
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Helmholtz’ first vortex theorem:
The ““strength” of a vortex tube T", defined as

I‘://Sw-ndA, (6.48)

is the same for all cross-sections S of a vortex tube. And the strength of a
vortex tube is constant as it moves with the fluid.

The proof of Helmholtz’ first vortex theorems proceeds as follows. A vortex
surface is a surface having w everywhere tangent. A vortex line is thus the
intersection of two vortex surfaces. Consider the fluid elements which make
up one of these surfaces, S, at atime ¢ = 0. Consider a closed curve C made
up of fluid elements which lie in the vortex surface S and span a surface Sx
(a subset of S). Since w is tangential everywhere over Sx, it follows, from
Stokes’ integral theorem, that at ¢ = 0 the circulation around C'is zero,

P:/u-dl:// w-ndA=0, (6.49)
C S*

because all over Sx we have w - n = 0. By Kelvin’s circulation theorem,
the circulation around C will remain zero even as C deforms when the fluid
moves. This is true for all such curves in S, so that, using Stokes’ integral
theorem again, w - n = 0 at all points in a vortex surface at all later times. In
other words, a vortex surface at some time will remain a vortex surface as time
goes on. The final step of the proof is to note that therefore the intersection of
two vortex sheets will remain a vortex line.

Before proceeding to Helmholtz’ second vortex theorems, we note that the
fact that the strength of a vortex tube is independent of the cross-section used
to calculate it is a consequence of the fact that the vorticity (being the curl of a
vector) is divergence-free. Consider a volume consisting of a finite length of a
vortex tube, with bounding cross-sections S; and Sy. We apply GauR’ integral
theorem (2.32) to this volume, obtaining

//sw'dA://slw'dA_//sf'dA:///VV""dV:O’ 6.50)

where we use the fact that the sides of the vortex tube make no contribution
since w is tangential there, and also we take account of the fact that one of the
normals of the cross-sections is pointing into the volume, rather than out of it.
It follows then that

s, =Ts,, (6.51)

i.e., the strength of the flux tube is independent of the cross-section.

Now let us turn to the claim that the strength T is independent of time. Con-
sider a circuit C of the flux tube comprising fluid elements which lie on the
wall of the vortex tube and encircle it. By Stokes’ integral theorem, T is just
the circulation around C,

I‘://Sw-ndA:j[Cu-dl, (6.52)
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which, by Kelvin’s circulation theorem, is constant as time proceeds because
the vortex tube, and hence the circuit C, moves with the fluid.

Consider a thin vortex tube, so that the strength is just w éS (vorticity is
roughly constant across the vortex tube). But the fluid within the vortex tube
must conserve its volume, so that, if the tube lengthens, it follows that 4.5
decreases and consequently the vorticity w within the tube must increase:
stretching the vortex tube by fluid motion intensifies the local vorticity. An
example of this is a tornado, where strong thermal updraughts produce in-
tense stretching of vortex tubes, and hence spectacularly destructive rotary
motions. One can also observe the tipping over of the funnel cloud as the
thunder clouds move on, which is an illustration of the first vortex theorem
that vortex lines/tubes move with the fluid.

6.6 Bernoulli’s streamline theorem (again!)

With the derivation of the Navier-Stokes equations, and its consequences for
circulation and vorticity, behind us, we can go on to more examples of fluid
flows — some elementary, some more complex.

As a reminder, we state again the Navier—Stokes equations for incompress-
ible Newtonian viscous fluids:

Du
P ~H(V-V)u = —Vptpg (6.53)

V-ou = 0. (6.54)

We first return to Bernoulli’s streamline theorem for incompressible inviscid
flows. Writing the acceleration of the conservative body force due to gravity
as g = — V& (force per unit mass), using the vector identities (the first being
valid in Cartesian coordinates only)

(V-Vu = V(V-u)-V x(V xu) (6.55)
(u-V)u = %V(u ‘u)+(Vxu)xu (6.56)
and noting that 5
Du u
D= Bt + (u-V)u, (6.57)

while remembering w = V x u, we can thus write the Navier-Stokes mo-

mentum equations as
ou
ot

where v := p/p and the fluid specific gravito-enthalpy is defined as H =
%uQ + (p/p) + ®. This equation has some simple corrolaries:

+wxu+rvVxw=—-VH, (6.58)

1. In steady (Ou/0t = 0), inviscid (v = 0) motion the fluid specific
gravito-enthalpy H is constant along streamlines. This can be seen from

u-VH=—-u-(wxu)=0. (6.59)
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2. If the flow is irrotational (w = 0), then

o

— 4+ H=f(¢ 6.60
where f(¢) is some function of time. This can be proved as follows.
Because the flow is irrotational, a velocity scalar potential can be intro-
duced by u = V¢. Hence, the Navier-Stokes momentum equations
can be written

8¢ B
v [E + H] ~0. (6.61)

Thus, % + H is independent of the spatial coordinates, so the only

possibility is that it is a function of time only (or constant).

3. In a steady, irrotational flow (still incompressible and inviscid), the
fluid specific gravito-enthalpy H is constant everywhere in the fluid, not
just on streamlines.

6.7 Hydrostatics

This is the case when the flow velocity is everywhere zero, u = 0. Obviously,
viscous forces are zero then, and the Navier—Stokes equations reduce to

1
9= Vp. (6.62)

This is actually true for incompressible as well as compressible fluids. Thus,
all of the previous material on hydrostatics applies both to viscous and to
inviscid fluids.

6.8 Aerofoils and lift

If the flow is incompressible and inviscid, then according to Bernoulli’s stream-
line theorem the fluid specific gravito-enthalpy given by H = % u?+(p/p)+@
is constant along streamlines. We have already argued that there is a class of
viscous flows around objects where viscous effects are confined to a thin re-
gion next to the surface of the object — the boundary layer —, and that outside
this boundary layer the flow has a large Reynolds number (i.e., viscous effects
can be neglected). There the flow is approximately inviscid, and this region is
called the region of mainstream flow. This describes the situation of aerofoils
inclined at small angles to an incident flow.

Now, the immediate consequence of Bernoulli’s streamline theorem is that,
wherever along a streamline in a flow the magnitude of the flow velocity in-
creases, the pressure must decrease. At some level this explains why airplanes
fly! As the air flowing over the top surface of a wing must speed up, the pres-
sure must drop, and the wing feels a pressure force in the upward direction
(which is called lift).
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In order to have a net force on the aerofoil there must be a non-zero circula-
tion around it; and for the force to be a lift the circulation must be negative.
One of the most important results of aerodynamics is the Kutta—JoukowskKi
lift theorem, namely, that the lift L for a narrow aerofoil at small angle to a
uniform flow U of constant mass density p is given by

L=-pUT, (6.63)

where T is the circulation around the wing. Note that this holds for irrotational
flow past a two-dimensional object of any shape or size. The lift depends on
the object only via the value of the circulation that the object produces when
moved. Of course, from Kelvin’s circulation theorem, we can only change
the circulation around some curve moving with the fluid via viscous effects.
And we have to remember that the aerofoil starts from rest. So even though
this important result is derived for an inviscid fluid, it only works because
of viscosity! In the present situation, we have the strange effect that what
keeps an airplane flying is a circulation around the wing generated when it first
started to move — even before it took off!

6.8.1 Forceson objects in inviscid, incompressible and irrotational
flows

We can demonstrate how to calculate the forces on objects in inviscid, incom-
pressible, irrotational flows. In this situation, Bernoulli’s streamline theorem
states that the fluid specific (gravito-)enthalpy H is constant everywhere. In
the absence of body forces (i.e., no buoyancy), we have

H = %uQ + = = constant . (6.64)

A

If we know the flow velocity w (e.g., from any of our earlier examples), then we
can calculate the pressure at the surface of the object. Pressure acts normally
to the surface, so one can calculate the total force on the object by appropriate
integration over its surface.
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Force on a sphere in a uniform flow (zero circulation)

For a sphere of radius a, immersed in a uniform flow w = Ue,, U = constant,
we have the velocity scalar potential

2r3

using spherical polar coordinates. So, remembering that u, = 0 atr = a
(boundary condition for inviscid flow), the only non-zero component of the
flow velocity on the boundary is

¢ =Urcosd (1 + i) , (6.65)

10¢ ) ad
=-L =- 14+ — ). :
Uy = g Usm19( +2r3) (6.66)
So, at r = a, 5
U =—35 U sing . (6.67)
Hence, the pressure at r = a is
p=po— g U?psin? 9 . (6.68)

Consider an annulus between ¢ and ¥ + d¢. The normal force on this is
p2ma? sindddd, and the corresponding force component along the polar z—axis
is p2ma? sin ¥ cos ¥dY. Thus, the total force is a drag force given by

™
F = 27a? / psinidcosddd e, . (6.69)
0
With (6.68) this becomes

T ™
F = 271a? [%po/ sin 29 dd¥ — §U2p/ sin319cos19d19] e, =0,
0 0
(6.70)

so the total drag force is zero, and, by symmetry of the pressure, the force in
the perpendicular direction (the lift) is also zero!

This is known as d’Alembert’s paradox. It can be generalized to arbitrary
shapes as follows:

The force on any body due to an incompressible, irrotational, steady flow, with
zero circulation, is zero.

It is not too much of a paradox: If there is no circulation, then we would expect
no flow asymmetry, hence no lift.



MAS209: Fluid Dynamics 1997 — 2002 103

Force on a cylinder in a uniform flow (non-zero circulation)

Earlier we had found that for an infinitely extended rigid cylinder of radius a,
emersed in a uniform flow of strength U, the velocity scalar potential was
given in spherical polar coordinates by

a’ r
¢ =Urcosd [1+—2] +—9. (6.71)
T 2w
We had to add the last term (one of the m = 0 parts of the cylindrical harmon-
ics) to account for the non-zero circulation T" around the cylinder. As in the
previous example, let us calculate the velocity component g on the surface of
the cylinder. Generally,

1 0¢ ) a? r
uﬁ_;a_ﬁ__US1nz9|:1+r_2:|+%’ (672)
so that, at r = a,
T
uy = —2U sind + — . (6.73)
2ma

The inviscid boundary condition means that the normal velocity component is
zero on the boundary surface, so this surface must also be a streamline (the
fluid velocity is tangential to the boundary surface). By Bernoulli’s stream-
line theorem we have that £ pu® 4+ p = constant atr = q, i.e.,

2 r
Si)rTqQ — 2pU?%sin’ ¥ + pga sin) . (6.74)

P =D —

Let us now consider a strip of the cylinder between 19 and 9 + d4, of area ad?
per unit length of the cylinder. (Everything is now in terms of “per unit length
of cylinder”.) The normal force, which acts radially, is then given by —pad?.
This force can be decomposed into its z— and y—components; remember that
the flow is in the positive z—direction. The total force on the cylinder is now
expressed by

27 2w
F =— / pacosddd e; — / pasind dd ey . (6.75)
0 0

By considering the symmetries of the functions involved in this expression, one
sees that integrating between 0 and 27 produces zero for each of the following:
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sin®, cos®, sin? ¥ cos ¥, sin3 9, sin1d cos?¥. This only leaves one non-zero
term:

T 27
Fo_PU a/ sin? 9 o e, . (6.76)
™a 0

We integrate this, using sin? 9 = £ (1 — cos 29), to obtain
F=-pUle,. (6.77)

Thus, surprisingly, there is no force in the z—direction, i.e., no drag. There is,
however, a force perpendicular to the flow, i.e., a lift, and this lift is propor-
tional to the negative of the circulation around the cylinder. In fact this is none
other than an illustration of the Kutta—Joukowski theorem!



Chapter 7

Incompressible viscous flows

We now turn to examples of incompressible flow that is viscous of the New-
tonian kind. Some aspects of viscous flow were illustrated earlier, such as the
role of viscosity in the diffusion of vorticity.

As a reminder, the Navier-Stokes equations and the continuity equation in
this situation are

%—?-l—(u-v)u—l/(V-V)u = —V(]—p))-l-g (7.1)

V U = O , (7.2)

with the mass density assumed as p = constant and the Kinematic shear
viscosity defined by v := u/p, which is likewise constant. The physical di-
mension of the latter is [ length ] [time] ™ . The boundary conditions for vis-
cous flow are that at a stationary boundary the flow velocity « must be zero.
As stated in chapter 3 before this is called the no-slip boundary condition.
Compare this with the boundary conditions for ideal fluids, where only the
normal component of the flow velocity must be zero at a stationary boundary,
so that there can be a non-zero “slip flow” tangential to a boundary.

7.1 One-dimensional flow

This is a particular situation where a number of different problems can be
solved. In Cartesian coordinates one takes

U = Uy €y .

The incompressibility condition V - w = 0 implies
Jug
2T _0 7.3
81,‘ 7 ( )
and hence the convective term in the Navier-Stokes equations, (u - V)u,

drops out, reducing this partial differential equation to a linear subcase. In the
absence of body forces the Navier—Stokes equations can then be written as

Oug uy,  0%uy 1 0p
E‘”(ayz azz) = T Lo (7.4)
Op Op
2 -2 75
0 Oy 0z (7.5)

105
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Rearranging the former we get

B_p B Puy  0%uy B Oug
or "\ o2 T 02 ) Pt
Now the right-hand side terms contain only u,,, which is independent of x as a
consequence of V - u = 0. On the other hand, p, and hence the left-hand side

term 9p/0x, are independent of y and z by (7.5). It thus follows that the only
remaining allowed dependence of both sides of the equation is on ¢, so

op _
Fr G(t), (7.7

where G(t) is some function of time.

(7.6)

7.1.1 Steady flow between fixed parallel plates

For steady flow, in the positive e,—direction, we must have that the function
G(t) is just a constant, i.e.,
op Puy
ar oy?
In other words, there is a constant pressure gradient which drives the flow.
We have

=—k. (7.8)

p=po—kz, (7.9)

so from (7.8) 2
uw:D—l—Cy—%, (7.10)

where D and C are arbitrary integration constants.
Now consider parallel plates located at y = +h and y = —h. The boundary

condition for viscous flow is the no-slip condition, i.e., u, = 0 aty = +h.
Thus we can solve for the constants, obtaining

2
c=0, D:m. (7.12)
24
Hence, the final solution is
k
uy = — (h? —9?) . (7.12)

Note that the flow velocity w is thus proportional to the pressure gradient
(given by —E), and the profile of the flow perpendicular to the flow is parabolic.
In fact, we had already obtained this result earlier in chapter 3.
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7.1.2 Steady flow through circular pipe
Using cylindrical polar coordinates, we consider a steady flow of the form
U=1U, €, .

Assuming axial symmetry, i.e., du/0¢ = 0, and incompressibility of the
fluid, we find
Uy = Uy(T)

in order to satisfy V - w = 0. This corresponds to flow down a circular pipe
whose axis is aligned with the polar &,-axis.

In steady flow, using the appropriate forms of the differential operators, we

have
dp _ 10 ou,
9 “?E(T ar) (7.13)
dp dp
= — = —. 7.14
0 or Oy (7.14)

Now the right-hand side of the first equation is a function of r only, and its
left-hand side is independent of r; hence, both terms are constant, say —G.
Thus, integrating the right-hand side yields

0 Ou, G
— = —— 7.15
or (T or ) Y " (7.15)
then 5 o
Uy 2
= - — A 7.16
and finally
uzz—£r2+Alnr+B, (7.17)
4p

where A and B are integration constants. Integrating the left-hand side yields
p=—-Gz+C, (7.18)

with C' an integration constant. For a circular pipe of radius a, the no-slip
boundary condition is u, = 0 at r = a. Moreover, we also want a solution
that is finite (regular) at » = 0. This fixes the integration constants A and B to
be

2
A—o0, B=9%. (7.19)
4p
Hence, the final solution is
G
uy(r) = ™ (a®> —r?). (7.20)

Here again the flow velocity w is proportional to the pressure gradient (which
is —(@), and has a parabolic form across a diameter of the pipe.
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Once we know how fast the fluid is moving in the tube, we can calculate the
volume flux through a cross-section S of the pipe:

a a
Qz//u-ndAsz/ ruz(r)dr:27r£/ (a®r —r3)dr, (7.21)
s 0 4p Jo
SO

7Ga*
Q= g
I

This result can be used to measure the viscosity (here: the value of x) of a fluid
by seeing how Q varies for different applied pressure gradients.

(7.22)

7.1.3 Steady flow under gravity down an inclined plane

Let us arrange the axes of a Cartesian coordinate system so that the z—axis
is along the surface of the inclined plane (with angle of inclination «), and
the y—axis is perpendicular to the plane. The components of the gravitational
acceleration are thus given by

g = g (sina, —cos a,0)T .

The no-slip boundary condition means that w = 0 on y = 0.

We might expect that the flow velocity « has only a component in the e,—
direction, but in the absence of extra information we shall assume a form

u = [uz(y),uy(y),O]T
Applying the incompressibility condition, V - u = 0, we find straightaway
that

duy g (7.23)
dy

i.e., that u, is constant. But u, = 0 ony = 0, s0 uy = 0 everywhere.

Substituting uw = [uz(y),0,0]” into the Navier-Stokes equations gives, for
steady flow,

1 dp d?u, )

0 = —;8—x+l/ dy? + gsina (7.24)
10

0 = ———p—gcosa (7.25)
p Oy

0 = op . (7.26)
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Integrating the second, we get

p=—pgycosa+ f(z), (7.27)

where f(z) is an arbitrary function of z.

Now we consider the boundary conditions at the so-called free surface (i.e.,
the upper surface of the flowing fluid). The free surface must be at y = h,
because all the streamlines are parallel to the plane, and the free surface must
be defined by a set of streamlines. At the free surface the fluid pressure must
equal the atmospheric pressure, as otherwise there would not be an equilibrium
sustained, and then the flow would not be steady. Also, at this free surface, the
tangential stresses must be zero, since there is no fluid above to balance it if it
were non-zero. So we have to satisfy the conditions

5 duyg
dy

pP=po, =0, at y=h. (7.28)

Consequently, f(z) must just be a constant, and the pressure thus becomes
p—po = pg(h —y)cosa. (7.29)
Our result clearly shows that Op/dz = 0. This simplifies (7.24) to

d%u,
v
dy?

= —gsina, (7.30)

which we have to solve subject to the conditions

d
up=0 at y=0, v 0 at y=h. (7.31)
dy
Integrating twice we get
up = — I3 Y 2 Ay 4 B (7.32)

2v
where A and B are integration constants. From this we obtain

dug :_gsmay_l_A. (7.33)
dy v

Now determining A and B from the boundary conditions yields

B=0, A=y (7.34)
124
So that the final solution is
gsina
= 2h — . 7.35
Ug 5 (2h—y)y (7.35)

Again, the velocity profile is parabolic. Also, as before, we can find the vol-
ume flux (now per unit length in e ,—direction) down the plane, which is

h h3
Q= / updy =% sine . (7.36)
0 31/
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7.1.4 Flow due to an impulsively moved plane boundary

We consider a viscous fluid which is at rest in the region 0 < y < oo of
a Cartesian coordinate system. At time ¢ = 0 the plane rigid boundary,
which we assume to hold the fluid at y = 0, is suddenly put into motion at a
constant speed U in the e,—direction. The no-slip boundary condition means
that the fluid at y = 0 must move with the same velocity as the boundary. We
expect that the effect of this motion is that gradually the rest of the fluid, away
from the boundary, will also gain a velocity in the e,—direction.

Because of the symmetry in the present configuration, we expect the flow to
be in the e,—direction, but, in view of (7.3), to depend only on the coordinates
t and y. This corresponds to a plane parallel shear flow with flow velocity

u = uz(t,y) ey . (7.37)

The corresponding Navier-Stokes equations for an incompressible Newto-
nian viscous fluid with p = constant are

Ouyg 1dp 0?uy
z - _ -2 7.
ot p Ox v oy? (7.38)
dp Op
- £ _ ZF 7.
0 3y % (7.39)

which in the present case have reduced again to a set of partial differential
equations which are linear. By (7.39) the pressure can be a function of ¢ and
z only. On the other hand, by (7.38), dp/0z is the difference of two terms that
each are independent of z; thus dp/0x can be a function of ¢ only, say f(t).
Integrating we then obtain

p(t,z) = f(t)z +po,

with py = constant. However, in the present case it is reasonable to assume
that the pressure at z = +oo is the same, for all values of ¢ (i.e., no external
driving pressures active). Clearly this condition leads to

fe)=0 = p=pp. (7.40)

Thus, the partial differential equation governing the time evolution of the flow
velocity component u(t, ) is the classical diffusion equation,

Jug 0%y

ot ayr

(7.41)

here in its 1-D realisation. We need to solve the diffusion equation subject to
the initial condition

ug(t=0,y) =0 for y>0, (7.42)
and the boundary conditions

ug(t,y=0)=U for ¢t>0, ug(t,y >00)=0 for t>0.
(7.43)
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A successful strategy to achieve this is to look for a so-called similarity solu-
tion to the diffusion equation. Note that the diffusion equation is invariant
(unchanged) under a re-scaling of the independent variables ¢ and 3 according
to

t— ot y—ay, (7.44)

where « is a constant. This suggests that there may be special solutions of the
diffusion equation which are functions of ¢ and y in the particular combination
y/t'/? (since in this case the « of the above variable transformation cancels out
immediately). So let us try the Ansatz

J— 1 *— 7y
up, =U f(n), with n:= O (7.45)
We emphasise that the new independent variable 7 thus defined is dimension-
less,! as is the function f = f(n). Itis a straightforward mathematical exercise
to show that by the chain rule of differentiation the partial derivatives occurring
in (7.41) have to be transformed according to

Oug ! on / Y ! n
- = — = - _—— = — —(7.4
5 Ufi(n 3, U 5 1727 Uf'(n) 5,(746)
ou on 1
—= = Uf'tn) = =Uf'(n) — 7.47
0%y, " 1
= . 7.4
5 = Uy (7.48)
Upon substitution this converts the diffusion equation (7.41) to
" 1 ! n
vUf"(n) — +Uf'(n) == =0. (7.49)

2t

(vi)

Therefore, the ordinary differential equation to be satisfied by the function
f = f(n) is given by

'+ %nf' =0, (7.50)

with a prime denoting a derivative with respect to . Integrating this equation

once yields ,
fl=Be /%, (7.51)

with B an integration constant. Integrating once again then leads to

ftn)=A+B /077 e/ ds, (7.52)

with A a second integration constant. In deriving this result we made use of
the integral identity fab ¢'(z)dz = g(b) — g(a). The constants A and B are
determined from the boundary and initial conditions as follows. From (7.42)
and (7.43) we have that

fn—o00)=0, fln=0)=1. (7.53)

“The kinematical viscosity, defined as v := u/p, has physical dimension [Iength]2
[time]™". Thus, vt has physical dimension [length]?, and y/(vt)'/? is dimensionless.
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Hence, our final solution for the flow velocity component u, becomes

1 N 2
= =U [1-— —s°/4 7.54
remembering that = y/(vt)/2. One obtains this result by noting that
o0
/ oo’ gy = L T (7.55)
0 2 (6%

The velocity profiles described by the solution (7.54) have the same shape
(i.e., they exhibit a “similarity”), but are increasingly stretched out in the e,—
direction as time proceeds. The dynamical effects on the fluid by the motion
of the plane boundary are confined to a region within about a distance (ut)l/ 2
of the moving boundary. The vorticity in the fluid motion gradually diffuses
away from the moving boundary. We find that it is given by

TS T T 9y & T )

By e,. (7.56)

Clearly the effect of viscosity is to increasingly smooth out what was initially
a vortex sheet at the moving boundary.

7.2 Flow with circular streamlines

As a slightly more complex example of viscous flow, we now turn to the sit-
uation where the streamlines are assumed to be circular, e.g., in situations
where there is cylindrical symmetry.

We start from the Navier-Stokes equations for incompressible Newtonian
viscous flow, given by (in the absence of gravity)

a—u+(u-V)u—1/(V-V)u = —%Vp (7.57)

ot
Vu = 0. (7.58)
Since the streamlines are to be circular, we can assume the following form for

the flow velocity:
u = uy(t,r)é,. (7.59)

We can check that this automatically satisfies the incompressibility condition,

writing the divergence operator in the form for cylindrical polar coordinates:
10 10 0

V-u:——(rur)-l——ﬂ—l- Uz

r O0p 0z

~~

. =0. (7.60)

ur =0 u, =0

Next, we write out the Navier—Stokes equations in component form, and then
aim to eliminate p, so that we will gain an equation just for .. But there are
dangers! The expressions for (u - V)u and (V - V)u in cylindrical polar
coordinates are not straightforward because the unit basis vectors &, and &,
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are themselves functions of ¢. There are different ways to treat this problem.
One could use standard expressions as given in textbooks, or one could use the
following relationships:

oe, oe, . oe,
—é,, _
Oy

By dp

0, (7.61)

or one could use standard vector identities to expand out the troublesome
terms. Here we use a mixture of the three approaches!

From chapter 2 we have

Op 1 0p Op T
==, - =, = . 7.62
Vp (8r’ r 0p’ 8z> (7.62)

Also we can consult a reference book to find

Urly

u2 T
(u-V)u = [(u -V)u, — ?(p, (u-V)u, + , (u- V)uZ] . (7.63)

Remembering that we presently have u, = u, = 0, we concentrate on the
term

(0w, o\

Thus this only leaves one non-zero term (1), given by

2 T
(u-V)uz( ;“",0, 0) . (7.65)

For the (V - V)u term we will use the vector identity
(V- V)u=V(V:u)-Vx(Vxu). (7.66)

In our example the first term on right-hand side is zero, and for the curl of w in
cylindrical polar coordinates we use the form

e reé, e,

1 10
0 ru, O
And then again . ..
1| & T €y e,
~Vx(Vxu) = -=| & & 2 (7.68)
r 0 0 10
r or (Tuﬁl’)
1 o |1 Ouy,
= ——(—r)eé,— |-[r—== . (7.
r( r)e(par [r e +u¢)] (7.69)

Therefore
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With these results we can finally write down the Navier-Stokes equations,
component by component:

u? 10
-2 = - ; a—f (7.71)
Ouy, 1 9p 82u(p 1 0u, uy
Ry _ 2P - T Uy 7.72
ot pr Op Y ( or2 r or r? (7.72)
0 — % . (7.73)

Equations (7.72) and (7.73) lead to the statement that for the pressure p we
have

~-=P(t,r) = p=Ptr)e+f(tr), (7.74)

where P(t,r) is a known function of ¢ and r, and f(¢, ) is an arbitrary func-
tion. Because p must be a single-valued function of ¢, it follows that P = 0,
and therefore

op
o = 0. (7.75)
Thus (7.72) becomes

ou 0%u 1 0u U
8—:=u<arf+;a—f—r—§>. (7.76)
This is the governing equation for u,,, which must be solved given the ap-
propriate initial and boundary conditions. For example, if there is a cylin-
drical flow through a cylinder, then the relative velocity (u,—component) be-
tween the fluid and the cylinder’s surface must be zero according to the no-slip
boundary condition.

7.2.1 Viscous decay of a line vortex

As an example of the above theory, we study the effects of viscosity on a line
vortex. That is, we take as an initial condition the flow pattern of a 1/r—

vortex given by .
0 .

u = % e(p s (777)
where I'g is a constant. This is a solution for a vortex in an inviscid fluid, with
zero vorticity except at » = 0 where it is infinite. There is, however, a finite
circulation around the origin. The idea is that we can see the effect of viscosity
on such vortices by using the inviscid solution as an initial condition for the

Navier-Stokes equations.
Rather than working directly with the flow velocity w, we will use a variable
which is just the circulation at radius r, i.e.

L(t,r) = 2nruy(t,r) . (7.78)

In terms of this variable the governing equation (7.76) becomes the partial
differential equation

or (82F 1 GF) . (7.79)

o V\az rar
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This equation can again be solved with a similarity solution method, just as
we did in section 7.1.4. One seeks special solutions of the form

r

'=Tyf(y), where g:= Ok (7.80)
This eventually leads to a solution given by
_ & 12 /4ut
uy(t,r) = Y- (1 e ) . (7.81)

The first term is just the inviscid solution. We see that at fixed r, as time
increases, the flow velocity component u, decreases and departs from a 1/7-
dependence. In other words, the vorticity increases. Close to the axis, but
within a distance that increases in time [i.e., r < (4vt)/?], the flow is ap-
proximately that of uniform rotation. The intensity of the vortex decreases in
time, as the core spreads outwards.

Graph of the function 1(1 —e~*"), cf. (7.81).
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Chapter 8
Waves in fluids

8.1 Describing waves

In this section we give a brief introduction to the terminology used in describ-
ing waves, and introduce in particular the concepts of group speed and dis-
persion, which are vital to the understanding of waves in fluids.

8.1.1 Terminology
What is a wave?

Generally wave phenomena in physics are associated with the transport of en-
ergy without the transport of a material medium. Often we think of a wave as
a disturbance, usually oscillating, around some equilibrium configuration.
In the present course we will mostly discuss the theory of small-amplitude
sinusoidal disturbances.

Stationary wave

A stationary wave has spatial variation, but no time variation. For example, a
sinusoidal stationary wave is represented by

Acoskz , (8.1)

where A is the amplitude of the wave, and k its wave number, the latter hav-
ing physical dimension [length]™". The wave number specifies how rapidly
the wave oscillates in space. It is related to the wave’s wavelength, A, which
is the distance between adjacent positions in the wave which differ in phase
(i.e., the argument to the cosine function) by 2z. For example, the wave crests
(or the wave troughs) have a spacing of one wavelength. Thus

_27T

=7 (8.2)

Travelling wave

A travelling wave has a spatial variation which is wavelike, together with a
temporal variation that is also wavelike. Both variations appear in such a way
that the profile of the wave moves in space as time increases. For example, a

117



118 MAS209: Fluid Dynamics 1997 — 2002

sinusoidal travelling wave, of amplitude A and wave number k, is repre-
sented by
Acos(kz — wt) , (8.3)

where w is the angular frequency of the wave (usually just called the fre-
quency), which has physical dimension [time]_l. The angular frequency
specifies how rapidly the wave oscillates in time. One can see that, as time
increases, the phase (kx — wt) of the wave (i.e., the argument to the cosine
function) shifts to lower values, so that for fixed z this corresponds to the wave
shifting to the right (increasing x). Thus the function A cos(kx — wt) repre-
sents a wave travelling towards increasing z, for w > 0. A wave travelling
to the left (decreasing z) could be obtained by having w < 0, or choosing the

function A cos(kz + wt) with w > 0.

The SI unit of w is radians per second (1 rad s—'). We also define a wave
frequency, f, in terms of the number of complete oscillations per second, i.e.,

f= % . (8.4)

The Sl unit of f is cycles per second (1 s—1), which has been given the name
1 Hz after the German physicist Heinrich Hertz (1857-1894). Given a wave
frequency one can calculate how long it takes for a wave to execute one oscil-
lation. This is known as the wave period, 7, and we define
1 27
T=—-=—.

= (8.5)

Standing wave

A standing wave oscillates in time and space, but the wave crests do not move.
For example, a sinusoidal standing wave is represented by

A A
Acoskz coswt = 0} cos(kr — wt) + 3 cos(kz + wt) . (8.6)

As can easily be seen from the given mathematical expression, this is equiv-
alent to the superposition of two travelling waves with amplitude A/2 and
angular frequency w, i.e., one wave propagating forward and one wave propa-
gating backward.

Phase speed

In the case of travelling waves one can ask the question of how fast a particular
part of the wave (such as a wave crest) travels. For example, a wave must move
one wavelength in one wave period, so we can define the phase speed, ¢, also
known as wave speed, by

A 2k w
= — = =—. 8.7
“T 7 2wk ®.7)
This relationship can also be read off from the phase of a sinusoidal travelling
wave, k[z— (w/k)t]. This makes clear that the phase speed is the rate at which
the phase of the wave changes in time.
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8.1.2 Group speed and dispersion relation

The group speed is the speed of propagation of a group of waves, e.g., a wave
packet. One could imagine making a wave packet by slowly turning up, then
down, the amplitude of a sinusoidal wave generator. One can then describe the
wave packet by its envelope (i.e., the profile of the averaged wave amplitudes).
If this wave packet propagates, then one can measure its speed of propagation,
and this is the group speed. One uses the group speed because Fourier anal-
ysis of the wave packet would show components at a number of frequencies:
high frequencies corresponding to the variation of the wave phase, and low
frequencies corresponding to the variation of the wave amplitude.

The group speed, c,, is defined by

dw
dk’
where w = w(k) is a medium specific function giving the angular frequency
of a wave in terms of its wave number. If the phase speed is not constant
(alternatively, if the phase speed is not equal to the group speed), then we say
that the medium is dispersive. In different terms: for dispersive media the
phase speed changes with wave number.

g 1= (8.8)

Thus, when the function w(k) is plotted against &, there are three possibilities:

(i) the phase speed c is constant, i.e., there is no dispersion, so w(k) = ck;
(i) the phase speed c increases with k; and

(iii) the phase speed c decreases with k.

Different examples of dispersion behaviour.

Dispersion relation

The equation

w=w(k), (8.9)

where w(k) is some function of the wave number & (and possibly also other
characteristic parameters of the medium), is known as the dispersion relation.
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As we shall see shortly, surface gravity waves on deep water have the follow-
ing dispersion relation;

wk) = (gh)2 = = (%)1/2 . cp=1 (%)1/2 =lc. (8.10)
Thus, the group speed is half the phase speed, so that if one has a general
disturbance, the wave crests within it will move faster than the overall distur-
bance. In other words, the wave crests will move forward relative to the overall
disturbance. This interesting result can be summarised as follows: wave crests
appear at the back of a group of waves, make their way to the front, and then
disappear. This might seem as rather weird, but careful observation at some
pond or lake should confirm the result!

The dispersive effects of surface waves on water are fundamental to explain-
ing the complicated wave patterns that are observed in reality, e.g., in the wake
behind a ship, or the pattern of ripples around a fishing line.

8.2 Surface gravity waves on deep water

We examine 2-D waves on deep water, i.e., oscillations of the free surface that
is the boundary between the water and the atmosphere. This configuration
is shown in the figure.

<V

In a Cartesian coordinate system, the flow velocity takes the form
'u,:ux(t,:v,y) €$+Uy(t,$,y) €y . (811)

Let us suppose that the fluid motion is irrotational so that V x w = 0. This

leads to the condition
Ouy  Oug
—— — =0. 8.12
Ox dy (8.12)
Hence, we can suppose the existence of a velocity scalar potential ¢ =

¢(t,z,y) such that

_ 9 _ 99
Uy = e Uy = ay (8.13)
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Assuming in addition incompressibility of the water, i.e., V - u = 0, means
that the velocity scalar potential satisfies Laplace’s equation:

0?¢  0%¢
—+—=0. 14
92 + 37 0 (8.14)
Finally, we have to specify a quantity that actually displays wave motion. In
the present case we choose this to be the height of the free surface, denoted
by
y=n(tz). (8.15)

8.2.1 Surface conditions and linearisation
Kinematic condition at free surface

In order to solve for the wave motion, we must find some conditions which
hold at the free surface. The first is known as the kinematic condition and
follows from the statement: fluid particles on the surface must remain on the
surface. This holds because of the assumption of two-dimensionality. In order
for a surface fluid element to exchange positions with a subsurface fluid ele-
ment (at one instant in time), the first must have a velocity downwards, and the
latter must have a velocity upwards. But (because of 2-D) this has to happen at
the same point in space. This is obviously impossible. So it is true that surface
fluid elements always remain surface fluid elements.

Defining the gquantity

F(ta x,y) =Y - n(ta .’II) ’ (816)

then for fluid elements on the surface F' is zero. And since fluid elements on
the surface remain on the surface, F' must remain zero on the surface. In other
words, the rate of change of F, moving with a fluid element on the surface, is

zero. That is, the convective derivative of F' is zero on the free surface:
DF oF
—_— = — . F=0 on =n(t . 8.17
or = 5 T V) y = n(t,) (8.17)

Now, using the results
OF o OF _ on oF

> = — =1 8.18
ot ot’ oz or’ Oy ’ (8.18)
one finds the kinematic condition at the free surface:
on on
n + Uy o W on y=n(tzx). (8.19)

One can check if this makes sense. If the free surface is horizontal, we have
0n/0x = 0 so that dn/dt = u,. That is, the rate of change of the height of the
free surface is just the y—component of the flow velocity w at the free surface.
If the free surface is stationary, then dn/0t = 0 and 0n/0z = uy/u,. That
is, the slope of the free surface equals the slope of the streamline at the surface,
so that the free surface coincides with a streamline. This is correct, since, for
the stationary case, particle paths coincide with streamlines.
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Pressure condition at free surface

For unsteady irrotational flow one can write down a generalised version of
Bernoulli’s streamline theorem. This reads

0
a—f—l—%uQ—l—%—FQy:G(t), (8.20)

where G(t) is some arbitrary function of time.

Assuming in the present example that the water is inviscid,! its pressure p
at the free surface must equal the atmospheric pressure, say pg, Which can
be assumed to be constant. One then chooses the function G(t) such that it
absorbs the constant term p, /p and so one finds the pressure condition at the
free surface:

o
2§+%ng®+@y:o on y=n(tx). (8.21)

Linearisation of surface conditions

We assume that the quantities 7(t,z), u, and u, are all “small” (i.e., take
values near the equilibrium state y = 0 and 0 = u,; = wu,), SO that we can
linearise the surface conditions. This means we shall drop any terms which
are of higher order than linear in any of these small quantities.

The kinematic condition (8.19) becomes, after dropping the obviously quadratic
term and expanding u,, around the equilibrium position y = 0,

ou on
uy(t, 1) = uy(t,z,0) +n —2 .= = 8.22
Retaining linear terms and using u = V ¢, we then get
—%—@ on y=0. (8.23)

Y= 5y T Bt

One sees here a crucial aspect of the linearisation procedure: namely, that
the kinematic condition is now evaluated at the equilibrium position y = 0,
instead at the position of the free surface, the latter of which is, of course, not
yet known!

One can undertake a similar linearisation procedure for the pressure condi-
tion (8.21). This leads to

%Jrgnzo on y=0. (8.24)

'Remember that in this case mechanical pressure and thermodynamical pressure are identi-
cal, P = p.
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8.2.2 Dispersion relation

We now look for a travelling wave solution for the velocity scalar potential
¢ which simultaneously satisfies Laplace’s equation and the surface condi-
tions. We want to assume that the y—position of the free surface varies sinu-
soidally according to

n = Acos(kz — wt) . (8.25)
This suggests that we look for a ¢ of the form
¢ = f(y) sin(kzx — wt) , (8.26)
such that also Laplace’s equation,
0?¢  0%¢
i S g 27
ox? = Oy? 0, 827)
is satisfied. Substituting (8.26), we find for f(y) that
L NPT = Ce* + De ¥ 8.28
ay? f= = [f=Ce¥+De™, (8.28)

where C and D are integration constants. Without loss of generality we can
choose k£ > 0, and then, since we want to assume water of “infinite depth”, we
must have D = 0, so that the flow velocity « remains bounded in the limit as
y — —oo. Thus, we get

¢ = CeMsin(kz — wt) . (8.29)

Substituting this expression into the Kinematic condition (8.23) (and remem-
bering that e*¥ = 1 at y = 0) gives

Ck=Aw. (8.30)
On the other hand, substituting into the pressure condition (8.24) gives

Cw=gA. (8.31)
These two relations can be combined to yield (i)

Aw
“=7%

so that our final solution for the velocity scalar potential becomes
A
¢ = Tw et sin(kx — wt) . (8.32)

In addition, (8.30) and (8.31) can be combined to yield, most importantly,
(ii) the dispersion relation for surface gravity waves, given by

Ww=gk = w(k)=(gk)"?. (8.33)

As stated above, this dispersion relation leads to a phase speed

=Y (%)1/2 (8.34)
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and a group speed

=% 2 \k
These are the results discussed in the previous section, which we summarised
by the statement: wave crests appear at the back of a group of waves, make

their way to the front, and then disappear.

c. (8.35)

N[

_dw (9)1/2 _

Assumptions for linearisation

The above analysis is valid for small amplitude waves. From the solution for
¢ one finds that u? ~ A%w? = A2gk, so this is the order of magnitude of the
term neglected in Bernoulli’s equation, (8.20). This approximation is valid
if 42 is much less than gn, i.e., if Ak is small. The latter is equivalent to the
statement that the magnitude of the amplitude needs to be much less than the
wavelength, i.e.,

AL

8.2.3 Particle paths in water waves on deep water
The components of the flow velocity can be found from u = V¢, so
ugy = Awe cos(kz — wt),  uy = Awet? sin(kz — wt) . (8.36)

Assuming that the particles only depart by some small amount, (z','), from
their mean positions, (Z,7), the particle equations of motion we need to
integrate to determine =" and ' and their solutions are given by

!
dd_a; = Awef¥cos(kz —wt) = z' = — Aef¥sin(kZ — wt) (8.37)
dy’ . .
d_:zf = Awetsin(kz —wt) = y' = Aef¥ cos(ki — wt) . (8.38)

It can be seen that these equations describe uniform circular motion, and that
the particle paths are circular with clockwise sense of orientation. The radius
of the circles is Ae¥ and decreases exponentially with depth. Therefore, most
of the motion is confined to a region extending about half a wavelength below
the water surface. The flow velocity at any depth is constant but rotating. The
phase of the circular motion is the same at all depths for fixed z—position.

8.3 Dispersion and group speed

We have introduced the group speed defined as

dw(k)
Cgi= — g -

The group speed has two important properties:

(8.39)
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(i) itis the speed at which an isolated wave packet travels;

(ii) itis the speed at which energy is transported by waves with wavenumber
k.

We will now demonstrate the first property.

Propagation of a wave packet

We consider a wave packet with many oscillations of some characteristic wave
number, and with a slowly spatially varying envelope of amplitudes. We can
use a Fourier integral representation in space for any disturbance 7(t, z),
i.e., (cf. chapter 2)

n(t,z) = \/%_ﬂ / A(k) eike=wt) g, | (8.40)

(taking the real part of the right-hand side is understood), where A(k) is a
function whose absolute value gives a measure of the amount of wave power
at wave number k present in the wave packet. The function A(k) can be cal-
culated from the given function 7(¢, z) according to the general procedure dis-
cussed in chapter 2.

We now turn to the case we are interested in, namely, the case of a slowly
varying envelope, so that most of the Fourier amplitude |A(k)| is peaked
around some characteristic value of the wave number, say k& = kq. Then, for k
close to kg, we can use a Taylor expansion of the dispersion relation to first
order in k, giving

w(k) ~ w(ko) + (k — ko) ‘3—: . (8.41)
k=ko
S0 that
w(k) = w(ko) + (kK — ko)cg(ko) + ... . (8.42)

Using this expression for w = w(k) in the Fourier integral for the disturbance
n(t, ) gives

1 ikga—slkaly /°° i(k—ko)(z—cgt)
n(t,z) =~ Ton e 0 . A(k)e dk . (8.43)
The term in front of the integral represents a carrier wave that is purely sinu-
soidal, of wavenumber k¢ and with phase speed ¢ = w(ko)/ko. The integral
itself has a time dependence only through the term (z — ¢4t). This represents
propagation of the envelope of the disturbance at a speed c,, in other words, at
the group speed.

8.4 Capillary waves

In considering surface waves on water we assumed that there was a pressure
balance at the water—air interface. In other words, we assumed that there were
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no additional forces acting. However, we know that there is another force
which acts at the surface of a fluid, namely surface tension. We are familiar
with surface tension as the force that tends to make soap bubbles and water
drops spherical. We shall see that surface tension forces are proportional to
the curvature of the fluid surface. This means that surface tension only plays
a role for surface waves when the surface curvature becomes dynamically
important, which, for small amplitude waves, is in the limit of small wave-
length. Thus short wavelength waves, or ripples, have a different dispersion
relation, one controlled by surface tension effects. Such waves are known as
capillary waves. For the case of water these waves have wavelengths less than
a few centimetres.

At the surface of a fluid there is a surface tension force per unit length,
T, which is directed tangential to the surface, and which acts to flatten any
“bumps” in the surface (just as the tension in a stretched rubber band). A pre-
cise definition is that at the boundary between two pieces of water surface,
the two pieces of water surface pull on each other with an equal and opposite
force in the direction tangential to the surface.

X

Since in a reference frame with Cartesian coordinates the slope of the surface
is On/0zx, the force T has a vertical component which can be written, in the
small amplitude approximation, as

an

T —. 8.44

% (8.44)
This is true provided T' := |T'| > T, where T, is the vertical (upward) com-
ponent. Now considering a small strip of surface (with z-size §z, and of unit
length in z), which has a surface tension force at both ends, one can calculate
the resultant vertical force due to surface tension as

on

TB:I:

S (/R RN el (8.45)

T+0x
Thus the vertical force per unit area is
0%n
w )
and this must be balanced by a pressure difference between the fluid pressure
p and the (constant) atmospheric pressure pg. So we get

0%n
p—posz at y=n(tz). (8.47)

(8.46)
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We can now use the pressure condition at the free surface as before, after
linearising, to find

¢ t 0% B B
E+gn—;@ =0 at y—n(t,:v). (848)

Then we repeat the analysis for surface gravity waves as before. However,
since we are seeking a solution of the form

n = Acos(kzx — wt) ,

we can simply replace g by g + (T'k?/p) in all relevant relations. This leads
us directly to the dispersion relation

T 3
w? = gk + Tk , (8.49)

so that

1/2 2
c:<g+T—k>/ , Cg= 9+ 3Tk /p . (8.50)
koop 2 (gk + Tk3/p)'/?
The above dispersion relation contains both the effects of gravity (operating at
long wavelengths) and surface tension (operating at short wavelengths). For
the case of water, surface tension effects actually dominate at wavelengths
below about 1.7 cm. In this case the waves are known as capillary waves
(capillary: hairlike). The dominance of surface tension effects can be measured

through the dimensionless parameter

Tk?
pg

When this parameter is large, the dispersion relation can be approximated by

3
w? = Tr , (8.51)
P

1/2
c= (T?k> ,  Cg= gc . (8.52)

Thus, short wavelengths propagate faster than long wavelengths, which is op-
posite to the case for surface gravity waves. Also the group speed is greater
than the phase speed, so wave crests move backwards through a wave packet
as it propagates as a whole. The frequency of capillary waves is relatively
high (above 70 Hz for A < 4 mm), so that they can be excited by acoustic
noise. (Thus it is capillary waves that can be seen in the glass of liquid on the
top of a juke box!)

so that

The behaviour of capillary waves can be seen when raindrops fall in water,
exciting short wavelength waves. The pattern of wave crests from a raindrop
falling in water and from a pebble are very different, reflecting the different
dispersion properties caused by surface tension and gravity.



128 MAS209: Fluid Dynamics 1997 — 2002

Wave crest pattern for rain drops and pebbles.

For capillary—gravity waves, when both effects are important, the phase speed
has a minimum. This helps to explain the disturbance caused by a fishing line
in a running stream (or a finger brushed over the surface of a bath!). If the flow
has a speed in the right range, short wavelength waves will have a high group
speed to propagate upstream against the flow, and so short wavelength waves
will be seen in front of the narrow obstacle. On the other hand waves with
slightly longer wavelengths will be swept downstream, so they form a pattern
behind the obstacle.

Phase speed for capillary—gravity waves.

8.5 Sound waves

So far in this course we have concentrated almost entirely on incompressible
fluids for which V - 4 = 0 (with the exception of the equation of conservation
of mass). Sound waves, on the other hand, result from the compressibility of
a fluid, and so the mass density p will become another of the dynamical fluid
variables, rather than simply a constant parameter.

We now turn to discuss the governing equations we wish to use. Euler’s
equations for an inviscid flow are still valid, since they were derived from the
rate of change of linear momentum of a fluid element, and this is true even if
the fluid is compressible. Hence, when the dynamical effects of gravity can
be neglected (as we presently want to assume), we have

ou

p§+p(u-V)u-|-Vp:0, (8.53)

remembering that now p = p(¢,r). Even so, individual fluid elements still
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conserve their mass, and so we also have the continuity equation, which is

% +V-(pu)=0. (8.54)
As mentioned in the introduction to the course, if we consider a compressible
fluid, we must have an equation of state, because, from a mathematical point
of view, (8.53) and (8.54) provide us only with four equations for evolving five
fluid variables, i.e., p, u (3!), and p. The system of equations (8.53) and (8.54)
by itself does not close.

An equation of state will provide us with a fifth equation. In general this gives
a functional relationship between, say, the thermodynamical pressure p, the
mass density p, and the specific entropy s. Here we verge on the border of
fluid dynamics with thermodynamics, which, amongst other aspects, studies
relationships in macroscopic physical systems between such things as “heat”
and “work”. We will simply take the result that, if heat conduction in a fluid
is negligible, then the appropriate equation of state is the so-called adiabatic
equation of state given by

pp~ 7 = constant , (8.55)

where « is a dimensionless characteristic constant for any particular fluid or
gas. + represents the ratio between the “specific heats” at constant pres-
sure and constant volume, respectively. For example, for air v =~ 1.4. Note
that (8.55) does not depend on s, which reflects the assumption that heat con-
duction has been neglected.

The equation of state just given implies

D oy =o0; (8.56)

Dt
this expresses the fact that in adiabatic flows the entropy of individual fluid
elements is conserved. The reason for employing an adiabatic law is that the
variations of the thermodynamical pressure and of the specific entropy in
sound waves are too rapid for heat conduction to play an important dynami-
cal role.

8.5.1 Euler’s equations in symmetric hyperbolic form

Let us start from the adiabatic equation of state (8.55) and write it as p(p) =
kp”, with k = constant. By the chain rule of differentiation we then have

(p) = drlo) _ vhp' T =1 plo) (8.57)
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We can easily check that its physical dimension is [ velocity ]2, or, in the MKS-
system, [length]? [time] 2. The quantity ¢, = c,(p) constitutes what is re-
ferred to as the adiapatic speed of sound.

When we now re-arrange terms conveniently, and make use of the adiabatic
equation of state and, thus, (8.57), we can re-write (8.53) and (8.54) in the
alternative form

2 0
Csép) (8—5 + (u - V)p) +E(P)V-u = 0 (8.58)
p 86—1: +pu-Vut+c2(p)Vp = 0. (8.59)

In a reference frame with Cartesian coordinates, this takes the explicit form

0X 0X 0X 0X

AX) G+ BalX) 5o+ By (X) -+ Bo(X) T2 =0, (860)

for a state vector X defined by
X = (ﬂ, uzauyauz)T s

and coefficient matrices

c/p 0 0 0
0 0 0
A(X) = 0 g 50|
0O 00 p
C?(g)uz/p ) 0 0]
— cs(p) PUyg 0 0
By (X) = 0 0 puy O ’
L 0 0 0 pug |
[ Sp)ug/p 0 ) 0 ]
. 0 puy 0 0
BE= 2 0 oy 0 |
| 0 0 0  puy |
[ c(puzfp 0 0 G(p) ]
. 0 pu, 0 0
Bo(X) = 0 0 pu, O

L Gl 0 0 pu

The system of equations (8.60), which constitutes a coupled system of non-
linear partial differential equations of first order, is said to be of symmetric
hyperbolic form: symmetric because each of the four coefficient matrices A,
B, By and B, is a symmetric matrix, hyperbolic because each of B, B, and
B, has generalised eigenvalues with respect to A (instead of the unit matrix
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1) which are real-valued. For a matrix B;— .., the corresponding so-called
characteristic polynomial reads

0 =det(B; —AA) =2 p? (A —u)? [A— (ui +c5) ] [A— (us —¢5)], (8.61)

so that the so-called characteristic speeds (generalised eigenvalues) of the
system of equations (8.60) are given by

(A€ {luil, [ui+es(p) s [ui = cs(p) |} -

This result implies that relative to an inviscid flow (with flow velocity ) dis-
turbances in the values of the fluid variables are either (i) dragged along with
the flow, | A — u; | = 0, or (ii) propagate at the adiabatic speed of sound,
‘)‘ _ui‘ = Cs(p)'

Symmetric hyperbolic systems have been introduced into mathematical phy-
sics by the German mathematical physicist Kurt Otto Friedrichs (1901-1982).2
The really interesting aspect of such systems, which is of immense practical
value, is the fact that for this class of partial differential equations theorems
on the existence, uniqueness and stability of solutions have been success-
fully established. In particular, Cauchy’s initial value problem for a specific
physical problem is well-posed when its governing equations can be cast into
symmetric hyperbolic form.

8.5.2 Small-amplitude sound waves: linearisation

We now investigate small amplitude sound waves in an inviscid fluid, as-
suming fluctuations around an equilibrium configuration characterised by
vanishing flow velocity,

ug = 0 ,

a constant thermodynamical pressure, pg, and a constant mass density, pg.
Then the flow velocity, thermodynamical pressure and mass density of the
perturbed fluid state will be given by (including fluctuation terms labelled by
a subscript 1)

u=u, p=po+p1, P =po+p1, (8.62)

with

PL«n, Pl 1.
Po Do

We will linearise the governing equations (8.53), (8.54) and (8.55) by ne-
glecting any terms that are of quadratic order (or higher) in the fluctuation
guantities w1, p1 and p; (S0, e.g., we will neglect a term p;u1).

From the adiabatic equation of state and (8.56) we have that the product
pp 7 is aconserved quantity for each fluid element. As initially (in the equi-
librium state) the value of this product was pg p,” for all fluid elements, p p=7
must be equal to pg p, * everywhere. That is,

(po+p1) (po+p1) " =popy (8.63)

20f course, there are symmetric hyperbolic systems that are linear, too.
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leading to
-
(1 + 72) (1 + ﬂ) —1. (8.64)
Po Po
Therefore, expanding in powers of the small dimensionless quantity p1/po, we
have
(1+12> (1—7&+...>=1, (8.65)
Po Po
so that linearising this relation leads to
h_ P (8.66)
Po Po

Alternatively, this can be written as

pi=ctpi  where ¢, = (ypo/po)/?. (8.67)

Different to (8.57), we can presently refer to the quantity c, as the isentropic
speed of sound of the particular fluid medium considered because it is a con-
stant. For still air at sea level ¢, is about 330 m s~ to 340 m s~, while for
water we have c, between 1400 ms—! and 1450 m s~ L.

Linearising Euler’s equations (8.53) according to the scheme outlined, we get

8’(1.1
—— = 8.68
PO~ Vp1, (8.68)
while linearising the continuity equation (8.54) yields
0
%—i—p()v-ul:o. (869)
Now taking the divergence of (8.68) results in
oV -u
T L— —(V-V)p1, (8.70)

so that substitution of ¥ - u; from (8.69), using p1 = ¢2 py, finally gives a
linear partial differential equation that describes variations of p; both in time
and space. This equation is given by

1 321)1

Thus, the pressure fluctuations p;, and also the other fluctuation quanti-
ties (p1 and w1), all satisfy the classical wave equation, here in its three-
dimensional realisation.

In the case of plane symmetric pressure waves, i.e., when the physical prop-

erties of a wave are constant along the directions tangent to a family of plane

surfaces (so that the waves are effectively one-dimensional), we have to solve
the wave equation

1 0%p1 | 0°p

2 o 072

=0. (8.72)



MAS209: Fluid Dynamics 1997 — 2002 133

In this case, the general solution is given by
pi(t,2) = f(z —cst) + 9(z + cst) (8.73)

with f and g arbitrary real-valued functions of ¢ and z that are twice continu-
ously differentiable. In a specific application we will have to adapt f and g to
given initial and boundary conditions.

Let us verify the statement on the general solution to the wave equation in the
plane symmetric case. Introducing the auxiliary independent variables

U=z — cst, v:=2z+ct,

we have by the chain rule of differentiation

opr _of . 99 Ppi _Pf o g
ot —ou X T T g, X0 Ga =gz < el ga X,
and

O _OF 4 00 g Om _Of 2 Do

Oz ou ov ’ 022 ou? Ov? ’

so that substitution into (8.72) leads to identical cancellations.

The two terms in the general solution of the wave equation in 1-D corre-
spond to wave disturbances propagating at speed ¢, to the right [ represented
by f(z — ¢st) ] and to the left [ represented by g(z + cst) ], without change of
shape. Thus, we see that within our approximation scheme small amplitude
sound waves are non-dispersive!

For a small amplitude wave that is spherically symmetric, so that p; =
pi1(t,r) only, the wave equation becomes

18p1 1 0 ( 40m
A, -~ =) =0. 8.74
2 otz r?or <T or 0 (8.74)
This can be simplified by making the substitution
h(t,
p1 = —( 7) .
r
Then it follows that 52 52
1 0%h h
=0. T
c28t2+82 0 (8.75)

This equation is of the same form as the wave equation in the plane symmet-
ric case discussed before, so that the general solution is simply given by

pi(t,r) = % [F(r —cst) + G(r +cst)] . (8.76)

The arbitrary functions in the general solution will have to be chosen so as to
suit the initial and boundary conditions of a given problem, e.g., sinusoidal
functions, or linear combinations of them. If it is known that a source of
sound radiation is at a specific location, then one might impose a so-called
radiation condition. In such a case one only selects solutions that describe
outward propagating waves, i.e., solutions that depend on (r — ¢st) only.



